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LISI OF SI&IBOLS MD NOTATIONS 


The following notations are used throughout the work. 


sup 

inf 

max 

min 

ess. sup 

d> f 6 

2 

D 

J 

([) - 

^iD 
B X F 

D(T), N(T),R(T) 

{ U)^ J 0^ J • • • > 

<“i>“e V 

(«h> 

d im E 

E-F 

T:B-*F 

TjB 


sup remum 
infimum 
maximum 
minimum 

essential supremum 

have their usual logical meaning 

summation v/ith respect to 3 

&,€!, a closed interval on the real 
line with h > a 

null set 

Kronecker delta of i and 3 

the cartesian product of the sets E and F 

domain, null space, range of tlie 
operator T, respectively 

the set consisting of the elements 
, w , , , and ti) 

the linear space spanned hy a)2»«i)2 » • • • , and 

the sequence , , ,,oj^, , . . ) 

dimension of the linear space spanned by E 

the set of all points in E which are not 
members of F 

T is a map from the set E into the set F 
the restriction of T to the set E 
the characteristic function of E 



o 

n 



or 


the ru-dimensional real space with 
Euclidean norm | • | 

the boundary and the closure of an 
open bounded subset of R^, respectively 

the maximal open subset of R contained 

in li where li is an bounded closed 
subset of R^ 

the nth derivative of the real-valued 
function x or x(.) 


x(t+0),x(t_o) 


the right-hand and the left-hand deriva- 
tive of X at the point t, respectively 


0^( J ) the liuear space of all n-times continu- 

ously differentiable real-valued functions 
on J 

Banach space G^( J ) the linear space C^( J ) equipped with the 

norm | . | ^ given by 

jxl = max sup |x^^^(t)|,x G C^(J 

^ i=0, 1, . . . ,n t G J 

oo 

0 ( J ) the linear space of all infinitely differ- 

entiable real-valued functions on J 


S 


I 


i. 


E 


lg(J), the Hilbert space of all square- 

integrable realU-valued functions on J 
with the usual inner product and nom 
denoted through (•,.) and [ j . | j ,respective! 

the identity operator on S 

the orthogonal complement of the-E in S 
where E is a subset of S 


E m E 

a“(j) 

hV) 


the direct sum of the subsets E and E of S 

{x G is absolutely continuous 

on J and x^^^G S } , n > 1 

S 

the identity operator on R^ 



Banach 


h“(J) 

ip(j) 

u or 


space h’^(J) the linear space H^(J) equipped with the 
norm [ 1 | » | | | given hy 

j 1 |xt I I = f^a. ( ^sup^|x^^^(t)j ) +1 } , 

xG h'^(J), n>0 

{x G X together with its all 

derivatives upto order (n-1) vanishes at 
Both the end points a and h} , n > 1 

{x G x^^^ is essentially hounded} ,n>0 

n ->- 0- 

ri 1 

u(.) the real- valued function on H ” (J) defined 

hy 

vi(x) = max( max sup [x*'^\t)[ , 

3^0,. ..,n-2 t G J 

ess .sup [ x^^-^^t ) [ ), xG 
t G J 


n > 1. 



Synopsis 


M» VENKASESUnj 
Department of Mathematics, 

Indian Institute of Technology, Kanpur, October 1978. 


'Existential Analysis of Multi-point Boundary Yalue Problems 

Via 

Galerkin's Method'* 


In recent years the multi— point boundary value problems 
(MPBVP) are being intensively studied from the point of view 
of existence theory as well as numerical methods of actually 
calculating the solutions. There are many areas wiiere these 
problems arise such as vibrating beam problems with point 
loadings (W.S, Doudj Pacific J. Math. Yol, 24, Ko. 2 (1968), 
503-317) and difference schemes in numerical analysis (H, Yoss; 
Burner. Math, 24 (1975), 317-329) leading to nonlinear multi- 
point boundary value problems. Besides, M, Urabe (Burner, Math, 
9(1967), 341-366) and H.E, Weinberger (Duke Math. J. 22 (1955), 
1-14) gave a wide variety of applications of MPBYP , 


A sufficiently general IffiBYP for an nth order nonlinear 
differential equation is of the following form s 


d X 


.n-1 
d X 


= X(t,x,x’,,.,,x^^"^^), 


( 1 ) 


n^l 


Bj(x) = x^^>Ca,) + (ap+. . (B) ) = 0 

• • . ( 2 ) 


3'"' ' jlQ '-031 -- ■ -'iDi llj. 



• • • 


where s- 3-2 1 


i 1 3 - 1,2, . ..,k. 


Earlier, locker (SIM J. Appl, Math, 19 (1970), 199-207) 
applied Galerkin's method for existential analysis of problem 
(1) - (2) where S did not contain the derivatives of x and the 
boundary conditions were prescribed only at two points, later, 
M. Urabe (Eunkcial. Bkvac. 9 (1966), 43-60) considered the 
problem of existence of an isolated solution of a MPB7P for a 
system of first order equations when an approximate solution 
is known. 


The present work gives an existential analysis of the 
MPBVP (1) - (2). An example is worked out, in detail, to 
illustrate the method. This analysis is further generalised 
to include totally nonlinear boundary value problems where 
the boundary conditions are assumed to be nonlinear as well. 

The chapter-wise contents are given as follows j 


We denote by 1, the differential operator generated 
by the formal differential operator t and the boundary conditions 


B -s. 
J 


In the first chapter, some properties of L, 1 = H 

and Ii* are established. Assimiing that in the domain of !•*, 
there exists a sequence forming a complete orthonormal set 
in IigQayb^, two sequences of projections are defined 

and certain relations involving L, H, established. 

Besides, H and H(I-Pjj,) are provided with integral representations. 





In the second chapter, the existence of a solution 
of the li'IPB'VP is established, towards this end, the original 
nonlinear operator eq.uation is converted into an equivalent 
bifurcation equation, malcing use of Schauder’s as well as 
Banach’s fixed point theorems. In the latter case the 
bifuTGation equation is solved. 

In the third chapter, a nonlinear third order equation 
with linear three— point homogeneous boundary conditions is 
considered in detail utilizing the theory developed in earlier 
chapters* 

In the fourth chapter, a theorem is established 
concerning the existence of an isolated solution of (1) - (2) 
when an approximate solution is known, 

Binally, the fifth chapter deals with an existential 
analysis of equation (1) with nonlinear boundary conditions, 
Ihis is a distinct advancement over earlier results in this 
direction, since in all the earlier works the boundary 
conditions were assumed to be linear in order to facilitate 
the construction of Green’s functions. 



OHAP^IER 0 


UTIROIXJCTIOl 


0.0. GEESRAL 

The theory of Boundary Value problems (BVP) represents 
one of the most important aspects in the study of Differential 
Eq.uatians • Some of the early fundamental contributions to 
the linear theory belong to G.D, BIRKHODP, C.E . WIIDER et al. 

A good account of the classical linear theory can be found 
in H 15 3 by M.A. NA3MARK. However, in recent years due to 
technological advances and the inpact of high speed computers 
in particular, make it possible to provide son© existential 
and computational theory for certain inportant classes of 
problems. One such class of problems, is the multi-point 
boundary value problems (IVIPBVP). There are many physical and 
engineering problems where the MPBVP arise. The vibrating 
beam problems with point loadings 143 difference 

schemes in numerical analysis 3 19 13 some of them. Bor 
a list of a variety of other applications one can refer to 
M.HRABE 3^® 3 WEBfEERGER present work 

is a contribution along these lines where we confine ourselves 
to MPBVP • This is a logical development of the Galerkin's 
approach adopted by L, CBSARI and his students. 
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0.1. A ERIEI' DlSaJSSIOU ON GAT.ERKIN'S METHOD AND OOINGIDBNCE 

DEGREE METHOD IN THE SODJTION OE NONLINEAR BYP 

Galerkin’s method was widely used earlier in the solution 
of linear BVP, both for self adjoint and noruse If ad joint cases 
C our Imow ledge, this was used for nonlinear BVP 

first by L, GESARI ^^>^3 • Other contributors include 
JACK K . HALE C , H.W . KNOBLOGH C 10 3 , M . URABE C 16] , 

J. LOCKER 312,133 and R. KANNAN 3®3* Later, M. URABE 
3 173 applied Newton’s method for studying a system of first 
order nonlinear differential equations with linear nonhomogene- 
ous multi-point boundary conditions. There he applied 
Newton’s method to obtain an isolated solution assuming the 
existence of an approximate solution to the given problem. 
Eurther, in 3^® 3 ^ presented a method of couijuting an 
approximate solution to a MPBYP when an isolated solution is 
loaown to exist. 

In recent years, J. MAWHIN has developed the theory of 
coincidence degree with the help of which some nonlinear BEP 
with nonlinear boundary conditions have been studied. R.B. 
GAINES and J. MAWHIN 3 ^3 a Continuation Theorem for 

nonlinear BEE and applied it for nonlinear BEE with nonlinear 
two-point boundary conditions. 

0.2. GOINGIDENGB DEGREE METHOD EERSUS THE 
PRESENTED IN THIS WORK 

It is worthwhile to coup are the projection method used 
in this work with the results obtained through the application 
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of ooinoidence degree theory, G-alerkin.’s method is in 
essence a projection method. In most of the cases in 
practice one deals with orthogonal projections, Por example, 
in the case of self ad joint differential operators, orthogonal 
projections are defined through eigenfunctions of the 
operator. Besides, there are some nonself ad joint problems 
for which such sequences can be constructed, Ihis is an 
essential prereq_uisite for the application of G-alerkin*s 
method. We remark that it is not always necessary to have 
an infinite sequence of orthogonal projections. lastly, 
we also remark that in some cases one need not demand ortho- 
gonality from the projections. Indeed, what one needs is a 
sufficiently good approximate solution of the problem so that 
other methods can be locally applied. 

Usually, in the application of degree theory (coincidence 
degree or otherwise) one should have the existence of an open 
bounded set on the boundary of which the operator equation 
does not have a solution. Moreover, one should be able to 
obtain a suitable homotopic map with nonzero degree with respect 
to the set and a point in the set. But to our knowledge, 
there is no suitable procedure for construction of such sets,* 
ifere lies the main advantage of the Galerkin’s approach, 

Ihis is precisely the motivation for consistently using 
Galerkin’s approximations in our analysis of MPBW* 
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0.3. MOTIVATION FOR THE PRESENT ?/ORK 

J. L0C5KER [3 developed an existential analysis 

via Galerkin's method for the equation Lx = Nx where L 
is an unhoimded linear operator defined on a linear manifold 
of a RLlhert space, and N is a nonlinear operator defined 
on some subset of the same space , Later, he applied the 
theory developed in ^12]] to an n order nonlinear differen- 
tial equation with linear homogeneous two-point boundary 
ccaaditions where the nonlinear part didn*t contain any 
derivative of the unknown variable Q 13^ , This very fact, 
and that the boundary conditions are prescribed only at two 
points and are linear homogeneous, provided the motivation 
for this thesis. In the present work, we develop a theory 
via G-alerkin’s method for obtaining the existence 
of a solution to an n order nonlinear differential equation 
with linear homogeneous, as well as nonlinear multi— point 
boundary conditions where the nonlinear part of the differen- 
tial equation contains derivatives of the unknown variable* 
Examples are worked out in detail to illustrate the methods. 
Moreover, a theorem similar to a theorem of M. HRAHE C ^*^11 > 
concerning the existence of an isolated solution when an 
approximate solution is known, is given. 

G.4. PREREQUISITES 

We need the following results from analysis for our 

work * 
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TIEOE^ 0*1* Let t be a formal differential operator of order 
n witii S ooefficients:. Ihen for any sequence { f^} in 

{ Tf^} converge in the topology of S 
if and only if the sequence converges in the topology 

of Moreover, the two norms | 1 1 *| 1 1 1 1 *1 1 1 = 

11*11 + !1 t. 11 on are equivalent. 

Lor a method of proof of the above theorem one can 
refer to HJITLORL and SOWiffilZ • 

IHEORai 0*2, Let the integers m^ and mg be such that 

mf Suppose e > 0 is a real number. Let 

m. m. 

U = { 5 e R s lc-5ol 1 where 5^ C R . 

^2 

Further, suppose '? sTJ - R with '{'(Sq) = 0 such that 'P 
has first order continuous partial derivatives in the interior 
of TJ and the Jacobian matrix of Y has rank mg at 5^. 

Ihen there exists a number 6 > 0 and a continuous 

map A such that the set 

m 

W = { u e R : I ul <_ 6 } 

is a subset of ’?(U) and A j W -* U with fA (u) = u 
for all u G W . 

For a method of proof one can refer to DLEIIJIXMHB 

0*3. Let n be an open bounded set in R™ contain- 
ing tlte origin. Suppose f ; n -* R™' is a continuous map. 
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Then degree of f with respect to ft and the origin, denoted 
hy d(f, ft,0), has the following properties? 

(i) d(I^, ft ,0) = 1 

(ii) h(f, ft,0) =1 for all f satisfying 

sup lf(5)-cj < inf Id 
5 G ft C e dJT 

(iii) d(f, ft ,0) ^ 0 implies that f(c) = 0 has a 

solution in ft . 

in' or a proof one can refer to BERGER and BERGER • 


0.5. IflPBVB, MB ilSSTJMPTIONS USED THROUGHOUT TIE WORK 

A sufficiently general MBBYB for an n^^ order nonlinear 
differential ©g.uatiQn is of the fbUcwing form? 


,n 


X( t,x,x' 




( 0 . 1 ) 


B^(x) = 2 ( \a2)+. * ^(b))=zO 

X r-z Q 

( 0 . 2 ) 


where a 


< < ag < ... < < b; 3=l,S,...,ki k < n 


A fairly general n order nonlinear differential- 
equation with nonlinear boundary conditions is of the 
following fornu 

.n 

TX = Pjj(t) +...+ Po(^:)x 


= X( t.x.X^ » 


(0.3) 
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x^^-^\a^)|...|x(b),x^^^(b),...,x^'^“^^(b)) = 0 

(0.4) 

where a < < ag <. ..< < b; 3 = 1 , 2 , , ..,kj k < n . 

We develop an existential analysis for the problems 
(0.1)— (0*2) and (0.3)-(0.4) with the following basic 
assunp tionss 

(i) Each coefficient function p^ 8 0*”(J), 1 = 0 ,..., n 

and 5 ^ 0 on J. 

(ii) She nonlinear function X(t,XQj . . is defined 

for t e J and (x^| < i=0,...,n-.l v^here each 

Rj, > 0. 

(iii) There exists real number k^ > o such that for |x^| ^ Rj_ 

IWil £. have 


rul 

< k ( Z |Xj^-y^l ), t e J. 

i=0 

( iv) a^ ...... ,a, . . are real constants such that B.s are 

'' ^ l3i» ’ h3i 3 

linearly independent. 

(v) g.s are real-.valued functions (not necessarily linear) . 

D 

(vi) There exist constants l. ^ 0 such that for x,y e J ), 

D 


we have 

}f .(x)-f .(y)j < A.( max sup lx^^^(t)-y^^^(t)| ). 

3 3 3 i=o,..,n-l t e J 



8 


0.6^ OUTLIEB OF THE THESIS 

The present thesis is divided into five chapters. The 
chapter— wise contents are given as follows: 

In the first chapter, we deal with the differential 
operator 1 generated by the formal differential operator t 
and the boundary forms B^s. We define two operators T^(t ) 
and 1 q(t ) generated by t on some linear manifolds of S . 
After noticing some properties of 1, we show that L has 
a cne-to-one continuous right inverse H, Denoting L 
(which exists) to be the adjoint of 1 and assuming the 
existence of a sequence in D(L*) which forms a complete 
orthonormal set in S, we define two sequences of projections 

and establish certain relations involving 

and Lastly, we derive certain integral represen- 

tation for H and H(I-P^). 

In the second chapter, the existence of a solution of 
the MPBYP (0.1)-(0.2) is established. Towards this end, 
the original nonlinear operator equation Lx = Hx where 
(Hx)(t) « X(t,x(t), ,..,x^^'"^\t)) is converted to an equi- 
valent bifurcation equation by mahing use of Schauder’s as 
well as Banach* s fixed point theorems. In the latter case 
the bifurcation equation is solved. 

In the third chapter, we utilize the theory developed 
in the earlier chapters and prove the existence of a solution 
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to the following third order nonlinear differential equation 
with linear homogeneous two-point boundary conditions: 

(3) ( (l)^2 , 2 . , 

= (xx' + t - sin nt, 

x^^^(O) = = x(l/2) = 0 

over the closed interval ^0,1]]. 

In the four chapter, a theorem is proved concerning 
the existence of an isolated solution of (0.1)-(0.2) when 
an approximate solution is known. 

finally, the fifth chapter deals with an existential 
analysis of the nonlinear liiPBYP (0.3)-(0.4). We make use 
of the theory developed in this chapter and prove the 
existence of a solution to the following second order non- 
linear differential equation with nonlinear three-point 
boundary conditions: 

^ (x^ ^^(O)-x^ - x^^^(27e) = 0, 

^ (x(0) + x(2n:))^ + x(7c) = 0 
over the closed interval 0,2^3 • 



GHAPTER 1 


HTMRAL EEPRESENMIOR OR THE OPERATORS *H’ 

ARE ’H(I-Pjj^)' 

1.0 i ajTHlE OP THE CHAPTER 

In this chapter we follow the technique of Locker ^ 

and deal with the differential operator LjD(L) <rS -* R(L)<ci S 

generated hy a formal differential operator t and a set of 

k linearly independent boundary forms B.s. Yfe define two 

J 

operators T^( t) and generated by t on some subsets 

of S . After noticing some properties of L, we show that L 
has a continuous right inverse H. Denoting L* (which exists) 
to be the adjoint of 1, we assume the existence of a sequence 
CT which forms a complete orthonormal set in S 

such that the set { oj^, U g, , , forms a basis for H(L ), 

We consider the set { which forms a basis for 

R(T^(t)) such that the set forms a basis 

for N(L) . In S, we define two sequences of projections 
{Pjj^} with R{Pj^) = < u>^ > and with 

R(Q^) = < <1'^, • ..,<l>p.» ^ where m > q. We also 

establish certain relations involving 1,H,P^ and C^» 
Pinally, we present the essential results of the chapter that 
is the integral representation for H and H(I-P^). 
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1,1. lEPINITIOl AND EMM lARY PROPERTIES OP L, T.(t), 
T (t ) AND H 

Por a formal differential operator 
n 


T = P^(t) (|j)S 


(1.1.1) 


we assume that G 0 (J), i=o,l, ...,n and 5^ 0 on J . 

Por each 3 S {1,2 ,.,,,E}, we define 

B^(x) = (a^^^x^^)(a)+a^^^x^^^(a^)+. ..+aj^^^x^^^(h)) 

( 1 . 1 . 2 ) 

where a = a^ S, 1, ^2 ~ • ®'h-l — ^h“ assume that 


'h3i 


are 


k < n, Purther, we assume that * * *’°^ 

real constants such that the boundary forms B^s are linearly 

J 

independent • 


Por the formal differential operator t and tte set of 

k linearly independent boundary forms B.s, the differential 

3 

operator liD(L)c;;S — R(D) C: S is defined as follows: 


D(D) = {x e h‘^(J) jB.(x) = 0,3=i»2, . ..,k} , 

J 

IlX = TX. 


(1.1.3) 


Let the linear operators T2 (t) and Tq(t) be defined 
as follows: 


I>(T.(t)) = {X G , 


T^(t)x = TX 


( 1 . 1 . 4 ) 


and 
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i>(Io(t)) = tx e i^(j) } , 

^ (1.1.5) 

^0(^)3: = TXi 

Clearly, is an. extension of 'both 1 q(t) and 1, 

Moreover, is the adjoint of the operator 1 q( t*) 

where t* denotes the formal adjoint of x . Theref ore, T^(t) 
is a closed linear operator . 


let Us recollect the following well Imown facts about L: 

(i) 1(1) is dense in S» 

(ii) 1 is a closed linear operator. 

(iii) 5.(1) is closed in S« 

(iv) S = 5(1) 5(1'*) where 1'* denotes the adjoint 

of 1, 

(v) dim 5(1) = p < 00 and dim 5(1*) = q. < o=>. 

Infact, 1 < P ^ ^ and n-k = p— q.» 

Proofs of (i), (ii), (iii) and (iv) can verified easily 
and a proof of (v) is given in the appendix 1. 

We 3m ow that the null space of ^^(t) is n- dimensional 
with 5(1) S5(!r^(T)) . let us choose functions 4>2» * * * ’ ‘^’n 
e G°°(J) to form an orthonormal basis for 5 ( 12 (t)) in 
suchaway that ’-’^p orthonormal basis for 

5(1)» Me also choose elements ® 

f orm an orthoncu'mal basis for 5(1*) • 

We note that the operator 1|I)(1)A 5(1) is a one-to- 
one closed linear operators having the same range as 1. let 
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H denote the inverse of this operators 

H = (L|D(L) n N(L) ( 1 . 1 . 6 ) 

By the Closed Graph Theorem, H is a one-to-one continuous 

X 

linear operator. Clearly, D(H) = R(L) and R(H)=D(L) A R(L) . 
Moreover, 

liHy = y for all ye R(L) ( 1 . 1 . 7 ) 


and 

P 

HLx = X- Z (x, (1). )<}>,- all xG D(l) • (1,1.8) 

i_l i 1 

Thus H is a continuous right inverse of 1 . 

1 , 2 . PROJECTIOHS MB THEIR REItA-TIOlS WITH I MB H 

We assume that ti^re exist elements “q 4 . 2 » • * •»“m’ * * * 

"belonging to I>(I<*) such that the sequence of functions 
“l*“ 2 ^ ***’“q’“q+l* “q+ 2 > •* ‘’“m’ * * * form a complete orthonormal 
set in S. Since S = R(l) 0 H(I^), the elements 
\+ 2 ’’***“m* *** l’®lo 2 ig to R(l). Ifence i > 1 are 

defined and "belong to D(I) a H(Ii) • Let be the subspace 

spanned by the elements j • “^p ®^“q+l» * **»^‘m'* 

That is 




1 * 2 ‘ 


,»H“q+l» •• • 


’ m 


(1.2.1) 


X 

Since 4*4 6 1 T(L), 1 = 1 , 2 ,. ..,pj H© . e H(L) , i ^ 1 and 
H is one— to-one, we observe that 

HUg^g, . ... are linearly independent. Tberefore 
has dimension p+m— q. 
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The sequences of projections ^ Qjj^J on S are 

defined as follows: 

m 

P x= Z (x,a)-)«,* all xG S (lo2o2) 

111 * ^ JL JL 

and 

p m 

0 X = 2 (x,<j).)4‘^ + 2 (x,L*a) )Haj. for all xG S 

^ i=l ^ ^ i=q+l ^ ^ 

(1.2.3) 

where m > q. 

The operators P^^^ and hare the following properties: 

(i) P^ and are continuous linear operators defined 

on all of S . 

(il) R(PP = < “l>“2 > • 

(iii) B(Q^) = S^CDCl). 

(v) The range of (I-P^) is a subset of R(Ii) and H(I-P^) 
is a continuous linear operator defined on all of S o 

proofs of the above statements are trivial. 

We now prove an irportant theorem which we shall make 
use of in the subsequent discussions. 

THEORiM 1,1, The following relations are valid: 

(i) H(I-Pjj^)Lx = (I-C^)x for all x G D(l). 

(ii) LH(I.^^>x - (I-Pni)x for all xG S. 
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(ill) LQ^x := P^Icc for all x G D(L) . 
(iv) Q^H(]^^)x =0 for all x G S. 

Proof: (i) Let xGl)(L). Then 

m 

= Lx - 2 (Lx,<i3.)to. 

1=1 ^ ^ 

m 

= Lx — 2 (x,L*t>). )a) . 

T_i 


m 

= Lx - 2 (xjL^ti) )a) (since u-, 

i^q+l ^ ^ 1 

Therefore > 


,“q e H(i*)) . 




m 

HLx - 2 (x,L*“.)H". 

i=g+l ^ ^ 

P m 

X - 2 2 (xjL^o) )Hto (hy(l.l,8)) 

1=1 L=a4-1 


= (I-Qiii)x. 

(11) Since (I^^)x G R(L) for all x G S, from (1.1,7) it 
follows that 


LH(M^)x = (l-^>^)x. 
(ill) let X G D(L), Then 


p m 

Qj^x= 2 (x,4..)<fr. + 2 (x,Llo.)Ha>, . 

i=l i=q+l 11 

Iherefore 

P m 

LQ^x= 2 (x,<^^)l^. + 2 (x,l\.)I‘Hco. 

1=1 i=q+l ^ ^ 

m 

= 2 (x,lV)« (since 6 N(L) and H is 

i=q+l ^ ^ P 

tlK right inverse of L), 
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Thus 




m 
2 

i=l 
m 

= Z = P lx. 


i=l 

( iv) let X e S . Ihen 


m 


D =1 ^ ^ 


m 


= Hx _ Z (x, CD )Hu . 
D=1 3 3 


Therefore 


m 


= Q_^ac _ c^( 1 (x,» )H«.) 

3=1 J j 


m 


= 2 (Hx,<J) )0 + 2 (Hx.A. 

i=l ^ ^ i=q.+ l ^ 


p m 

-2(2 (x,cd.)H(d ,<f )(J> 

0 =:! 3=1 3 3 11 

m m 

- . 2 (2 (x,co )H{o , L*co.)Hcu 

l=q+l 3=1 3 3 1^ • 


m 


2 (Hx, L*cd )Hco. 
i=q+l ^ 3 . 


m m 

. ^ "i) , 

l=:qj*fl 3=1 j 3 1 X 


The last step follows from the fact that Hx, 
i=l, 2 , belong to ITCL)^ , and 




)Hcd^ 


and Hcuj^, 
••‘^p G H(L). 


I 
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Thus 

m m 

Q^H(I-P )x = 2 (LHx, a).)Hco « 2 )H«- = 0. 

^ ® i=q+l ^ ^ i^q+1 ^ ^ 

This ccmpletes the proof of the theorem. 


1.3. miVATIOH OF GERTAIN IITTEGRAL RFEPRESENTATIOH 
FCR H AFD H(M^) 

Consider the n x n matrix $(t) which has 

J 

■fcii *bli 

as its entry in the i row and 3 coluranj i ,3 = l, 2 ,..,,n. 

For each t 6 J this matrix is known to be nonsingular, 

—1 

If we compute $ by forming the adjoint matrix of $ , then 

the entry in the j"*"^ row and n"^^ column of 3 '’'^(t)is just 
W (t) 

where W^(t) is the determinant of the matrix 

"tiii 

obtained from $(t) by replacing the j column by ( 0 , 0,...,1). 
Thus for each t 0 J, we have 

n <J'^^^(t) W.(t) ( 0 for i=0,..,,n-2, 

z . 3..,- = ,• (.1.3.1) 

j=l det $(t) 41 for i=n-l. 

let G(,,,) be the function defined on the square 
J X J by 

n <J>.(t) W.(s) 

G(t,s) = 2 3 , , a < t, s < b. (1.3.2) 

j=l P^(s)det $(s) ^ “ 

Clearly G(.,,) is a continuous function on J x j and 
G(.,s) 0 


We need the following lemma. 
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laMA let yes, and let 

t 

uCt) = / G-(t,s) y(s)ds for all t e J. (1.3,3) 

a 

Then the function u G Bp(J) and tu = y. 

Proof: Since G(*, s) G clearly u e Cn the 

other hand, differentiating (1.3.3) we get 

“ ^ ^ ° 3=1 ^ / jfi pl\i)dY nV) 

But, by relation (1.3 *1), the first term on the right hand 
side of the above equation is zero. Therefore 

u^ \t) =s / S — i-- . r - A.-. y(s)ds. 

a 3 =i pj^(s)det $(s) 

Proceeding similarly, we have 


\xS ^(t) = / 2 y(s)ds f or irrO, 1 , 2 , • • *,n-l • 

a- 3=1 P^(s)det $(s) 

In deriving the above relations we repeatedly rnaOce use of (1.3,1) , 
Also, differentiating we get 




2 -J, - . , r 4 . j 2 sJ* . - . - % . y( s)ds 

3=1 p^(t)det ^►(t) a 3=1 p^(s)det $(s) 


n 


n' 




t n 'l>^^\t)W.(s) 

. A-. r - y( 3) ds (^y( 1 *3 , 1) ) 


a 3=1 p 2 j(s)det $(s) 


Multiplying u^^^(t) with P^('t) a^ad sunming up with 
respect to the index *i’ we get 
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CTU)(t) = y(t) + / £ I (Pn(‘t^)'J>4(t)+...+p„(t) 

a 13=1 ^ J J 

W.(s) y(s) 
p^(s)det $(s) 

Therefore 9 for all t G J we have 

n W - (s) y( s) 

(Tu)(’fe)£= yCf) + f 2 ( 4 )( i*) • J- . . - . ds 

a 3==! 3 p^(s)det $(g) 

- y(^5) (since <|)^ G H(T^( t)) , j=l,2, . . .,n) . 


This completes the proof of the lemma. 


In the next lemma we obtain a matrix 
satisfies the eq.uation (A .) (B.((fi.)) = I 
(n-p) * (n-p ) identity matrix. 


where 


which 
i is the 


lEMMA 1,8,, TMre exist real numbers A .» Jl = p+1, »»»,n and 
3 = l,2,,,,,]s: such that 

S Aj^^ =s f er £ji = p+lj#»*jn. 


proof I let B be the k x(n-p) matrix with entries ) 

^ 31 

where j a 1,2,.,,, k and iap+l, i,,,n. We assert that B 

has rank n-p. Indeed, let numbers with 

n n 

2 B^((^j^ 0. a 0, 3 “ l,2,»»»,k. Take x( t ) = 2 e . <{• . ( t ) 

isp+i J iap +1 

for t G 1 , Clearly x G 1(1) » lx = 0, and hence 
X e H(l) A 1(1^" , This implies that x = 0 and hence 


c^ 5s 0 j i « pwj* 1, , • • ,n • 


Earlier we also noticed that 
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k > n-p (see l,l(v)). Nowj consider any k x (k-n+p) matrix 

with linearly independent columns and let the matrix he denoted 

hy D, Let (B:D) he the k x k matrix formed hy the elements 

of B and 35 such that the columns of B occupy the first 

position, Olearly the matrix (B:I)) is nonsingular. Hence 

(B:D) has an inverse, let the inverse he denoted hy A, 

k 

Thus we have constants A . such that 2 A„. B.(4>. 

XrJ 3 

for £,i = p+1, ,,,,n. This completes the proof of the lemma. 

The following theorem gives an integral representation 
for H. 

THB0R 3!M 1,2, let y s R(L) Then Hy has a representation 
given hy 

n h 

(Hy)(t) = 2 (t) / (s)y(s)ds 

£=1 a 

t 

+ / G(t,s) y(s)ds, t G J 

a 

where . s are defined as follows: 

X 


f - j G-(s,t) (p .(s)ds, £ =1,2, . . ,,p , 


(1.3,4) 


n (t)=i 


i k n-l n A . ff (t) 
- 2 2 2 Q - 

j=l i=0 r=l p^(t)det 


£ =p+l,,»,,n, (1,3,5) 


Here tha constants ps are defined as follows: 
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^2 " “231 '^r^^^®'2^+*’ •+“h3i 

*••••••••••*•••• • ♦> 

= “h3i 


?/_PP£* y e RCl). let X = Hy and 

t 

u(t) = / G(t,s)y(s)ds, t e J. 

a 

Using basic properties of H together with lemma 
we notice that x,u G I^^(J) and t(x-u) = 0. Hence 
x-u e H(1 ^(t)). Thus 
n 

x(t) = Z c. ^.(t) + u(t) (1.3,7) 

i=l 

where c.s are real constants, 

^ JL 

Since xG 1(1) , we have = 0 for £=1,2, , , ,,p , 

n 

But (x,<fji) = (^2^ °i‘*>i»'f'£) + 

Therefore, 

~ "*( jj^) » £=l,2,,,,,p, 

dn the other hand, 

b t 

(u,4.j^) = / ( / &(t,s)y(s)ds)(Jj^(t)dt 
a a 

b t 

= / / (U(t,s)y(s) ‘*>£(t))ds dt 

a a 
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“b b 

= f f &(t,s)y(s) t 5 ('b)dt ds 
as ^ 

( by Fublni * s t he orem) 

b b 

= f y(s)( / G(t,s) <j> j(-b)dt)ds 
as 

b 

= - / y(s) ';'o(s)ds (by( 1 . 3 . 4 )) 

a 


= -(li, = / y(s) if)j^(s)ds, Jl=l,2, , ,.,p » (1.3,8) 

a 

Moreover, sinee x G I)(L), we have B.(x) =o > 3=1, 2,..., k. 
But 

n 


Thus 


B,(x) = B.( 2 + B (u) 


3'"' J'iil ■ "3 

n 
2 

i=l 
n 

c.i , 

3' 1 3 


= + Bj(u) 


= 2 c.B.( + B .(u) (since 4 .^ ,(j>p , . . .4 G IF(L)) 

i=:p+l 1 3 1 3 j. <; p 


Thus 


n 


2 “0, 3 — 1, 2,».*,k. 

i=p+i 3 3 


Multiplying the above equation with A . and summing with 

^3 

respect to the index ’ 3 * we get 

k n k 

2 2 c.A .B-( 4 ,.) + I A .B.(u) =0. 

3=1 i=p+l 1 3 1 il3 3 


n 


i^p+l ^ 3=1 ^ ^ 3=1 ^ 


That is 
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Hence, by mailing use of lemma 1.^ we get 
k 

C£ + 2 A .B.(u) = 0, £=p+l,...,n 

3=1 


Therefore 


k 


“«= - jfi 


£. = p+1, ••*,n» 


But 


B.(u) = B ( / G(t,s)y(s)ds) 
a 

t 

Since u(t) = / G( t,s)y(s)ds, clearly we have 

a 

b 

u(a)=0,u(a )= / G(a.,s)y(s)ds, ...,and u(b)= / G(b,s)y(s)ds . 
a a 

We have already seen in lemmat*! ^®t,that 

(i), , ."t n (s) 

u^^^(t) = f Z - - ..^F. .^y(s)ds, i=0,,..,n-l. 

a r=l p^(s)det $(s) 


Thus 


u^ ^ ( a^ “ 0 y i— 0 , • • • ,n»" 1| 

('i'i . ^ 4^^(^l)Wr(s) 

u'‘^‘^(a^) =/ 2 •-y(s)ds, i=0, 1, . . . ,n-l 

a r=l p^(s)det $(s) 


/^v ®'h-l n 


1^1 n 4>i-^^Caj^l)W^(s) 

^ 2 -■ •- • . ■ ■ _ « - y(s)ds. 


a r=l p^(s)det 4'(s) 


i=0 f If ♦ f * ^11— Ij 
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b n 4^hh)Y/ (s) 

J 2 - - • “y(s)ds, i=0, 1, . .. ,n-l, 

a r=l p^(s)det $(s) 


Therefore , 

n-1 

Z 

i=0 


^ 4^^(aJ?/ (s) 

2 (a . / 2 .. . 

1=0 a r=l p^(s)det $(s) 


y(s)ds 


+ a 


2Di 


2 n 
/ 2 
a r=l 


4^^(a2)W^Cs) 
p^(s)det $(s) 


y(s)ds 


b n «{>^^)(b)W (s) 

°^hii ^ y(s)ds) 

a r=l p^(s)det $(s) 


n-1 n , . 

2 T. r ^rr 

1=0 r: 


T7t / V 


(i) 


(b)) 


^ 1 W^(s)y(s) 
a p^(s)det $(s) 


ds 


a 


'hal'*'r 
'2 W^(s)y(s) 


f r 

H Pj^(s)det $(s) 


ds 


+ a 


.(i) 


W„(s)y(s) 




^h-l 
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Thus 


u-*l n 


B (U) tt 2 2 Ch. 


i=0 2’=! 


+ Pi, / 


1 W^(s)y(s) 

P^(s)de-b $(s) 

' ^^(s)y(s) 


^3*4“ ♦ • ♦ 


• # 


3-h-l 


(Py (1.3.6)) 


ru-l n h 

22 / 

it=0 r^l a 




W^(s)y(s) 

. - . — , . , . - 3 ds . 

p^(s)det $(s) 


5 , from 0 ^.= - 2 A .B.(u) we get 

X 3 3 


5-1 


k h-1 a _ A (s)y(s) 

0 « 2 S 2 r/ - (P. Xf- ^ v(s) 

^=.1 1=4} r==l a p (s)det <t(s) ^ &»a^) 


+ ...+ p^ Xi 




S' — p'J'l J 4 


% - / y(s) %(s), .&=p+l,*.,,u (hy C1,5.5)). (1.3,9) 
a 

The relatioiis (1*3.7), {1,3,8} and (1,3,9) gi'TO the required 
represahtation. This completes the proof of tie theorem. 


Bet 


• 


) he the f unction defined <m J J hy 


n 


2 4i^{t) f (s) + 9(1 ss) Tor a < s < t < h, 
fel * * ”■ - - 


] » 

I 2 '$^C^.) ^*{s) Tor a C t < s < to- 
\ £--l — — 


(1,3,10) 
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We note the following properties of 


(i) 


K(.,s) is continuous on J together with its 
derivatives upto order (n-2) on J, while the (n-1) 


n—l \ 

derivative ^ ^ is discontinuous at t=s 

6t^“ 

with the junp given by 
3t^^ 


(ii) jPor 1=0, 1, . » . ,n-.l, the function is 

3t^ 

discontinuous at each of the points s=a^« The 
discontinuities are of first kind and the jur^s are 
continuous functions of t. 

We now state a corollary of theorem 1.2, 


GOROLI^Y. The right inverse operator H has an integral 
representation given by 

b 

(Hy)(t) = / K(t,s)y(s)ds, t G J (1,3,11) 

a 


for all y G RCl) • 

Proof of the above corollary follows immediately from 
theorem 1,2 and representation (1.3.10). 

Let K^(,,,) be the function defined on 1 x J by 

mb 


K^(t,s)=K(t,s)- ( / K(t,c)aj^( 5 )d 5 ) £o^(s), a<t,s<b. 


(1.3 .12) 


1 
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aK^C.,.) a^^(.,*) 

We notice that K^(.,.)» gV'‘ ' ^ n' square- 

r 2 

integrable on J x while the functions J (•- ■ — ) ds, 

a gt 

i = 0,1, are continuous on J , 


The following theorem gives an integral representation 
for the operator 

-TB30EESI 1.3, let x G S, Then 


(H(I^^)x)(t) = / K^(t,s)x(s)ds, t e J. 


a 


m' 


Proof: Since (l-P^)x G S-(l), by the corollary of theorem 1.2, 
we have 


b 

(H(I^^)x)(t) = / K(t,s)(I-.P^)x(s)ds. 

SI 


(1.3.13) 


On the other hand, 

b b 

/ K (t,s)x(s)ds= / [3K(t,s)-Z ( / K(t,c) u. (c)dc) u), (s3x(s)ds 
a^ a .i=la ^ 


m 


b 

= / K(t,s)x(s)ds 
a 

mb b 

- Z (/ K(t,g ) 0). (c)dc)/ a). (s)x(s)ds 

i=l a ^ a 

b 

= / K(t,s)x(s)ds 

a 

m b 

- Z f (x, to. )K( t,s)cii. (s)ds 

i=l a ^ ^ 

b m 

= / K(t,s)[x(s)- Z (x,(o. )(o.(s) 3 ds 
a i=l 
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b 

= / K(t,sXl-P )x(s)ds* (1,3.14) 

a ■ 

Thus, from (1.3.13) and (1.3.14), it follows that 

b 

(H(I-I’^)x) (t) = / K (t,s)x(s)ds, t e J. 

a 

This completes the proof of the theorem. 



OHAPOER 2 


M EXISOEHTIAL AlA&tSIS POR A MUITI-POIRP BOUNDARY 

VABJE PROEM 

2.0. OUTLINE OP THE CHAPTER 

In. this chapter we follow the notations of chapter 1 
and deirelop an existential analysis for the MPBtP Lx = Nx 
where N is defined suhsepuently , Indeed, we reduce the 
equation Lx = Nx to an equivalent bifurcation equation by 
making use of Schauder’s as well as Banach's fixed point 
theorems. In the latter case we solve the bifurcation 
equation. 

2.1. MPBVP, AND ASSUMPTIONS USED THROUGHOUT THE CHAPTER 

We solve the equation Lx = Nx under the following 
assunptions: 

(i) L satisfies all the assumptions of chapter 1. 

(ii) Let X(t,XQ,x^, . . .,X|^^q) be a nonlinear real-valued 

function defined for t s 1 and £ E-q» i=0,...,n- 

where each R^ > 0 » 

(iii) X( .,Xq, . ..,x^_q) e S for each fixed (x^, . . .,x^_q) 
satisfying jx^l < Rj_» 1=0, . . .,n-l,. 

(iv) There exists a real number > 0 such that for 

jx^l < R^ and j y^j < function X satisfies 

the f ollcwing : 
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n-1 


|X(t,XQ, .. .,x^_^)-X(t,y^,,..,y )| < k ( 2 lx.-y-l), t e J. 

“ i=0 

( 2 . 1 . 1 ) 

We define the operator N as follows: 


D(h)={xe iP“^(J):sup lx^^\t)l< R , i=0,...,n-2, 

t e J ” 

ess. sup lx^^“^^(t)| <R . }, 
t G J *” 

(Hx)(t) = X(t,x(t),x^^\t),,,.,x^“^^)(t)) for all t 

for which jx^^''^^(t)| £ ],« 


( 2 . 1 . 2 ) 
e J 


Rrom the assumption (iii) and (2.1,1), it follows easily 
that Rx G S for x G D(N ) . 

We develop an existential theory for the MPBl/P 


lx = Nx (2 ,1 .3 ) 

where N is defined hy (2,1,2), In the rest of the chapter 
we take If to he the operator defined in (2,1,2), 

2.2. SCME lEEQUAlIlIES 

let X and y G D(If) • Then 


jll3&-iryl 1 = 1 lX(,,x( .), ...,x(^“^^(.) )-X(.,y(. ),..., y^^”^^(.))l 


n-1 


^k IK 2 Ix^^L y^^^Dl 
° i=0 


< k 


(hy (2.1.1)) 

(2 1 Ix^^^-y^^^ 1 1 ) (hy triangle inequality) 


° i=0 



O J. 


n-2 


< kCyb-a ( 2 sup ) 

i=0 "b G J 




= I I jx-yj I I where ] j j .j j j is the norm on 


Thus for X and y e f(N), we ha-ve 

! llx - Nyl 1 < k^ 1 1 l^^yj 1 1 . 


( 2 , 2 . 1 ) 


i a\.(t,s) 2 1/2 

Let P™ = ( sup J ( — ) ds) t i=0,*..,ii-l 

^ t e J a 

( 2 , 2 . 2 ) 


and 






) ds dt) 


1/2 


h d*'Lk(tjs) 2 1/p 

Noting that ( / - ^^ ) ds) ' is a monotone decreasing 

a 6t^ 

sequence for every t, Lini’s theorem assures uniform convergence 
of this sequence to zero as m -► “> for i=o,»..,n-l. Thus 


pi 

m 


n-l 


0 as m -► «>, i = 0,1, ••»>n— 1, and p -» 0 as m -* 


n-2 


Define 0 = TlHla (2 % ^ 

i=0 


m 


(2 .2.3) 


and ^ = _ max ' • 

Wb obserYB i/hat bobh 9^ and 0^ “bend "to zero as 
Let X e S . Then 


m ^ 


a 


n -.2 t 6 \(t,s) 

2 sup \J - 

i=o t e J a at 


/k (.,s) x(s)ds;i 1 = ll'b-a Z~ sup 1/ q-' ■'■x(s)ds{ “[ 

TH * r\ ^ ^ 
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.1, HI 

r- . 2 1/2 

< Yb-a C 2 (sup s (-■ >. ■ . ) ds) 1 Ixi n 

i=0 t G J a 3t 


13 _b a^~^(t,s) 2 1/2 


■(// ( 

a a 3f 


n-1 


) ds dt) 


X 


(by Scbwartz inequality) 


= (i;K.a C S 3+ P^b ll^ll (by (2.2.2)) 

1=0 

= 1 lx| 1 (by(2.2,3)) . 


Hence for all x G S we have 
b 

Ml / \( ms) x(s)dsl 1 1 i kl 1 • (2.2^4) 

3/ 

Also 

b b 3^jj^(t,s) 

u( / K (,,i5)x(s)ds) = max sup \S — ^ x(s)ds[ 

a ® 1=0,.., n-1 tGJ a dir 

. 1 / 2,1 ,1 

< max (sup j (' ) ds) ' j ixj [ 

“1=0, n-1 tGJ a 5t 

(by Schwartz inequality) 

= ( max p^) (1=^11 (ly(2.2.2)) 

1=0, ..jn-l 

=6^ 11^11 (2.2.3)). 

iff 

Theref ore * x G S we have 
b 

u( / K^( ms) x(s)ds) < 

B. ' 


(2.2.5) 
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2 .3 . GOUSaBUGTION OF SETS V ME S^ 

Let us consider the Banach space We observe 

that the set is a linear manifold of 

We remember that • y on is defined as follows: 

y(x) = max ( max sup 1 x^^^(t) 1 ,ess ‘SUp 1 (t) j ) 

i=0,..,n-2 teJ tGJ 

for every x e 

We consider the p+m-q_-dimensional space Clearly 

S^<C-E(L) We choose x^ G such that p = ^ 

where R = min R. . Here R s are constants in 

i=0,...,n-l ^ ^ 

assumption (ii) of section 2,1, Let Zq=H(I-Pj^)Hx^, and let 
e and e he real constants such that 

1 I 1 ^ol I 1 < e aJid (2,3.1) 

Let c,d, r and R he real numbers such that 

0 <c<d, 0<r<R, c+e < d,R+P < R, and r+e < R, 

(2.3.2) 

- -1 

The sets V and in n (J ) are defined as 

follows: 

V = {X G S^t lllx-x^jll < c, y(x-Xp) < r} , (2.3.3) 

and 

s> {xe 2“"^(J)! 111 ^: 1:0111 

we remember that I 11*111 is the norm on if^^(J)* Clearly 
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Moreover, Y and are closed, bounded and 

convex subsets of 

We observe that V is a closed and bounded subset of S. 

Indeed, let {y^^} be any seq_uence contained in Y and let {y^^.) 

converges to y in the topology of S. Firstly, we notice that 
n. 

{y^^} (J)» Since is finite -dimensional, the element 

y G Sq. From the fact that linear operators on a f inite- dimens- 
ional space are bounded it readily follows that {Ly, } converges 
to Iiy in the topology of S. Hence, by theorem 0.1, the 
sequence {y^} converges to y in the topology of which 

implies that the sequence {y-^j.} converges to y in the topology 
of and vi(yj^ - y) 0 as k Hence j j jy-x^l 1 1 < ^ 

and w(y-XQ) <_ r, Ihus y 6 V, Obviously Y is a bounded subset 
of S. Thus V is a closed and bounded subset of S. 

2.4. OPERATOR T MD SETS A(x*) AMD A 

For each x* G V, let T be the operator on defined by 

Tx = x* + H(I - P^) Hx (2.4.1) 

for X G Sq. We observe that T is well defined on S^. 

For each x* G Y, the sot A(x*) is defined by 

A(x*) = {x G : X = Tx} . (2.4.2) 

We denote by A = A(x*) . (2.4.3) 

X* G Y 

Suppose A(x*) is non-empty. Then 

X = Tx = X* + H(I - Pjj^) Nx for some x G S^. 
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Clearly x e D(l), and by theorem 1.1 ( iv) we have 0^,^ x = x*. 

Thus 

liX = 1 X + 1 H (l-Pjj^)lTx. 

Using parts (ii) and (iii) of theorem 1.1, we get 

lx - Ux = (Lx - Ux) • (2.4.4) 

Hence x G is a solution of (2.1,3), if it satisfies the 
equation 

P^^ (Lx - Hx) = 0. (2,4.5) 

Equation (2,4,5) is called the bifurcation equation of order m. 

We notice that Lx - Ux = P^(Lx - Ux) on the set A provided 
A is noru-empty. In the following two sections we show that 
A(x*) is non-empty. Thus the original MPBTP (2.1,3) will be 
reduced to equivalent bifurcation equation (2,4,5) on the set A. 

2,5. REroCTIOlI OP THE ORIGBTAl iiPBtP TO Ml EQUIYALBHT BIPURCATIOU 
EQUATION THROUGH SGHAUIER’S PIXEL POINT THSORiai 

We need the follov/ing lo-mmas for our discussions in this 
section, 

LEMMA 2,1. Consider the Banach spaces R^(J) and h'^^(J). Let 
{Xjj^} be a bounded sequence in the space h’^(J), Then the 
sequence has a subsequence which c on verges in the topology 

of if^~^(J). 

Proof of the above lemma is given in the appendix 2. 

REMARK. The injection map from h'^( J ) into I?^”^(J) is continuous 


and compact 
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lEMtlA 2,2, let the ass uiopt ions section 2,1 and -oonditions 
(2,3,1) and (2,5,2) be satisfied, Ihen the operator 
I ! - h“(J) is continuous, 

P^rj^9f s Prom theorem 1.3, we have 

b 

Tx = X* + / K_( ,,s) 12 (Hx)(s) 1 ds for x G 
a 

Suppose X and ye S^* fhen 

b 

Ix- Ty = / L(.,S) [l(l'x)(s) - (Hy)(s)3 ds. 
a 

So , 

dL 

VK-a ( 2 sup I (Tx-Ty)^^^ (t) I ) + j ] (Ixi-fy) ^^^1 j 

i=o t e J 

n~l b 3t(t,s) 

= Y^a ( 2 sup {/ 9- - r (Nx)(s)-(lTy)(s) 3 <is| ) 

IsO t 0 J a 3 1 


+ 11/ u(Wx)(s)-.(iIy)(s)2 dsl 

a 3t 


■n-1 


aV.t.s) g I 


<Y’b^a.: 2 (sup /(--£-■* O ds)^ } iHifr-Hyi 1 


— i=0 t e J a 3t 


h b 3 ^(t,s) p i 

+ if f i- ‘ '■ ) ds dt)*^ 1 iHrfyl 

a a 3 t 


(by Schwartz inequality) 


n — 1 . ■ — 

- V’b-a ( 2 pb + llNx-Nyli (by(2.2.2)) 

— i=0 — 
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where = (/ / - •) ds dt)^ . 


a a 3f 


We clearly not ice that -* 0 as m -► «>. 

rwl ^ 

Define = fBIa ( Z P^) + p“. Then y 

i=0 


m ~ ''m^ "'m* 0 as m 


Therefore, from the above inequality, we get 


fkLa ( Z sup 1 (Tx-Ty)^^^(t)l ) + 1 j (Tx-Ty)^“^} j 

i=o t e J 

< 1 lMy| 1 

i I 1 I 1 (by(2.2.1)), (2.5.1) 

Hence the map T : -* h’^(J) is continuous. This coii 5 )letes the 

proof of the lemma. 

OOROLLARY. let the assumptions of section 2,1 and conditions 
(2.3,1) and (2,3,2) be satisfied. Then the map T 5 -* 

is continuous. 


Proof of the corollary follows from (2,5,1) and the fact 

that 


1 1 1 1 < Tb-a (^2^ sup | (Tx-Ty)^^^(t)j )+| | (Tx-Ty)^^^j | . 

““ i=0 t G J 

In addition to the assumptions of section 2,1, only for 
t he present case we assume that |X(t,x^,Xp . . »,'35^^^) j ^ 
for all t G j, and Ix^^j < i = 0, ,,.,n-l. Thus for x G S^, 

I (]Srx)(t) 1 < Xq, and hence j |Hx| } < ICq 'V^a , 

(2,3.2) 


(J) 


we have 
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IjEMMA 2*3* ksuppose "the assump "t ions of section 2,1 and conditions 
(2.3,1), (2.3.2) and (2,5,2) are satisfied. Then the set T(S ) 
is relatively compact in H^”^(J)* 

^pof : Firstly, we observe that 1(8^) is bounded in H^(J). 

Indeed, let x G S^. Then by theorem 1,3, we have 

b 

Tx=x*4-/ V(.,s) L(N3c)(s):] ds. 
a 

Therefore , 

TBIIa ( 2 sup I (Tx)*^^^(t)| ) + }|(Tx)^^^J| 
i=G t e J 

<rtJ3.il sup l(x*)(^)(t)|) + llCx*)'“^|l 

i =0 t e J 

n-1 b d‘t(t,s) 

+ YH-a (2 sup j/ C(Nx)(s)|] dsj ) 

i=0 t e J a 3 t 

bdX(-,s) 

+ 11/ [:(Nx)(s) 3 ds II. 

a at 

Then, by a simple calculation as in the proof of lemma 2.2, we 
get 

rs^-a ( E sup l(Ix)U)(t)|) + l|(Tx)t“^l| 

1=0 "t G J 

< YK-a (^i^ sup 1 (x^)^^^(t) { ) + I i (x*)^^^1 1+ y^\ lITxl 1 

1=0 6 J 

< l/Kla (^2 sup 1 (x*)^^h'fe)! ) + 1 1 

“ i=0 t G J 


(by (2.5,2)), 
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We notice that the right hand side of the above inequality is 
independent of x. Therefore the set 1(3^) is bounded in 
Hence, by lemma 2.1, the set T(Sq) is relatively compact in 
This completes the proof of the lemma. 

¥e now present a theorem which reduces the original MPBVP 
to an equivalent bifurcation equation by making use of the 
Schauder’s fixed point theorem. 

"tile assumptions of section 2,1 and conditions 
(2.3.1), (2.3,2) and (2,5.2) be satisfied, let 'm* be suffici^ 
ently large such that 

c < d - 0^ k„ and r < R - k , (2.5,3) 

Then for each x* 6 V the set A(x^) is non-empty. Moreover, 
lx - Hx = Pjj^(lx - Hx) on the set A, 

Proof : By (2, 4, 2), it is enough to show that the map T 

corresponding to x* G V has a fixed point in S^. We have seen 
in the corollary of lemma 2,2 and in lemma 2,3 that the map 
T : Sq - H^^(J) is continuous and the set 1(3^) is relatively 
compact in lf'’“\j). We now prove that T(S^) d S^. let xG S^- 
Then Tx 6 I?^(J) and 

b 

Tx = X* + / (*, 3 ) f (Hx)(s)I] ds. 

a 

Therefore 

Tx-x^ = X* - x_ + / C(^3 :)(s) 2 

^ a 
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Hence 

*b 

+ 111-/' V--®) C(»3c)(s):i dsiii 

3 - 

< C + llHxll (by (2.3.3) and (2.2.4)) 

< c + ko l|b-a (by (2.5.2)) 

<<3- (by (2.5.3)). 

Also 

b 

u(T 2 >-Xq) <y(x*-XQ) +y(/ K^(*,s) C(Nx)(s )3 ds) 

a 

< r + 0 ^ I jHxj 1 (by (2.3.3) and (2.2.5)) 

< r + 0^ ko YKa (by (2.5.2)) 

< R (by (2.5.3)). 

Thus l(Sj^) C-Sq. We also observed that is a closed, bounded 
and convex subset of if^^(J). Hence the application of Schauder^s 
fixed point theorem to the pair .and T yields that the map 
T has a fixed point in S^. Thus for each x* G f the set A(x*) 
is non-empty. Moreover, since A(x*) is non-empty, we have 
Iix - Hx = P^(lx-Nx) on the set A. Thus we have the desired 
reduction on the non-en^ty set A and the proof is completed. 

2,6. REIUOTIOH OR THE ORIGIHAl MPBYP TO AN EQUI7AIENT 

BIENROATION EQUATION THROJGH BMAGH'S FIXED POINT THEOREM 

We now prove an inportant theorem which reduces the 
original MPBVP to an equivalent bifurcation equation by making 
use of the Banach' s fixed point theorem. 
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2»2» Let the assumptions of section 2.1 and conditions 
(2.3*1) 3J^d (2,3,2) he valid, let ’m’ he sufficiently large 
such that 

^0 ^ ®m ^o (2.6.1) 

Then for each x* e V the set A(x*) is singleton. Moreo-var, 

Lx ~ Nx = Pjj^(Lx-i[x) on the set A, 

(2,4.2), it is enough to show that the map T 
correspcaiding to x* G V has a unique fixed point in S^. firstly, 
we show that the set 1(3^) ClS^. Let x G Then Tx G if^(J) 

and 

h 

Tx = X* + / Kjj^(.,s) 

a 

Therefore 

h 

Tx - Xq = X - Xq + / Kj^( 'js) £ (Nx)(s)3 ds. 

a 

Hence , 

ll|to-x„l|| < |||x*-x„l||+ |||/\(.,s) i:(l'x)(s) 

- (NXq)(s) 3 dsl 11+ 1 1 IzqI 1 I 

< c+e^l jUx-Nx^l l+e (hy (2 ,3.3 ), (2 .2 .4) and 

(2.3.1)) 

< c+e^k^l I 1 x-Xq{ 1 l+e (hy (2,2.1)) 

< c+e + k^d (hy (2.3.4)) 

< d (ty (2,6.1)), 
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Also 


y(Txi-XQ) < u(x -Xq) + jj(/ K^(.,s) [I(Nx)(s)-.(HXq)(s) 3 <is) 

cl 

+ KZq) 

< r+e^l jSTx-NXol 1+e (by (2.3.3) ,(2.2.5) and (2.3.1)) 

^ 1 l^-^ol I I+® (2.2,1)) 

< r+e + e^k^d (by (2.3.4)) 

< ^ (ly (2.6.1)). 

Thus 1 (Sq) CUSq. Vife also know that is a closed subset of 
!n.—* 1 

H (J ) • We next show that T is a contraction on S . let x 

o 

and y G Then 

h 

Tx - Ty = / Kj^(*is) C - (^y)(s) 3 

a 

Therefore 


b 

1 1 |Tx-Ty| II = III/ K^(.,s) H (Nx)(s) - (Ny)(s) 2 ^s| j [ 

a 

< 1 ll^x-hyl I (by (2.2.4)) 

< k^ I I |x-yl I I (by (2.2.1)). 

Since 9^ k^^ < 1, frcm the above inequality it is evident that 
the map T is a contraction on S^. Hence the application of 
Banach* s fixed point theorem to the pair and T yields that 

the map T has unique fixed point in the set S^. Thus for each 

X* e V the set A(x*) is singleton. Moreover, since A (x*) is ■ 
non-empty, we have Ix-Hx = P^(lx— Hx) on the set A. Thus we have 
the desired reduction on the set A and the proof is coup let ed. 
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2.7. SOLUTION OP THE BIPURGATION EQUATION 

Throughout this section the conditions of theorem 2,2 are 
assumed to he valid. By theorem 2,2 we know that Lx-Nx = 
P 2 ^(Lx-Nx) on the non-empty set A. In this section we shall find 
an element x G A such that P^(Lx - Nx) = 0# Then obviously x 
is a solution of the original MPBPP (2.1.3). Moreover, 

1 1 lx - 1 1 < d and u(x - x^) < R. 

By theorem 2,2 we know that for each x* G V the set A(x*) 
is singleton. Let A(x*) = x. That is for each x* Q Y there 
exists a unique element x G AciS^ such that 

X = Ti = x*-^H(I - P^) Nx . 

Y/e now assert that x vary continuously with x*. Indeed, let x* 
and y* G V, and let x and y G he the unique elements with 

X = t5 = X* + H(I-Pj^)Nx and y = Ty = y* + H(I^^)Ny. 

Then 

x-y = X* - y* + /^ V ss) n 

a 

(see theorem 1.3). 

Therefore » 

t) 

ll|5^y||| < I l|x*-y*ll I + 1 1 1/ 

9l 

< 1 1 ix*-y*| 1 i + Sj, 1 |Myl I (iy (2.2.4)) 

< 1 1 lx*-y*l 11 + 9ji ko II |S^y| I |(W (2.2.1)). 



Hence 


|llx-y||l < 1 |x*-y*l j I (since < 1 by (2.6.1)). 

Therefore x vary with x* continuously in the space if^^(J). 

Under the hypothesis of theorem 2. 2, let r j Y I)(L) n 
be the continuous operator defined by r(x'*) = x for x* e V 
where x is the unique element in which is a fixed po'int of 
the operator T corresponding to x*. lie note that 
P^(Iirx - HTx ) is an operator mapping V into the subspace 
< (Of, (lOg, , . , , a3^> of the space S. 

Y/e now prove the following lemma. 

LEMMA 2.4. Suppose the assumptions of theorem 2,2 are satisfied, 
let be any sequence contained in the set 7. Suppose 

converges to x* in the topology of S, Then the sequence tKc*) 
converges to rx* in the topology of if^^(J), 

Proof i Since converges to x in the topology of S, we 

saw earlier that the sequence also converges to x* in 

the, topology of H*^(J). Hence converges to x* in both the 

norms jj 1*111 and v('‘). Moreover, since r t Y C.'^\s) -* 

A eD(l) n Sq c:H^“^(J) is continuous, the sequence {rx^} 
converges to Tx* in the topology of H*^ (1.)* This coEpletes 
the proof of the lemma. 

The next theorem is an immediate corollary of theorem 2,2, 

THEpRM 2.3,^ let the assumptions of section 2.1 and conditions 
(2.3.1) and (2.3.2) be valid. Suppose the relations (2.6.1) 



satisfied. If there exists an x* e V such that 


- Urx'') = 0, (2.7.1) 

then the element x = Tx* is a solution of the MPBTP Lx = Hx, 
Further, x = x*, ] | jx-x^l 1 j < d and y(:^XQ) < R. 

In theorem 2,3 the problem of solving the equation (2,1.3) 
has been reduced to the problem of solving the equation (2,7.1), 
Equation (2,7,1) is generally called the determining equation. 
Below, we solve the equation (2.7.1) under certain additional- 
assumptions. 

let : D(L) A -* “ 2 ’ * * *’ “m^ operator defined 

by 

’t'X = 'F^{'Lx - lx) (2.7,2) 

for all X G 1>(1) n 

We note that V CD(Ii) ^ S^. Let x* and y* G V. Ihen 
i|)rx* - 'I'ly^ = 

= 2 ( 1( rx* - ry*) , oj ^) ry*_l Tx*) . 

L=1 

Therefore 

j Urx*-i(»ry*| 1 < 1 1 2 (rx*-ry%LV)u^l 1+1 liry*-irx*j 1 

■" i= 1 

( by ^ Bess el's Inequality) 

< 2 llrx*-ry*ll 1 1P*«^| l+kol 1 1 1 1 

"■ 3^1 

(by using Schwartz inequality and 
relation (2,2.1)) 

(since 1 } •] 1 ^ 1 1 1 *1 1 H • 
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Bu."b, in lemina 2.4, we saw 'that if x* converges "to in. fhe 
•topology of S, then rx* converges to ry'^ in the topology of 
Thus 

ipr : y crS - <u,^, dS 

is continuous. 

Similarly vfe can show that 

4' ! y Ci S -* < 0)^, , . . , a^> d S 

is continuous. 

Also, 'by (2.7.2), the equation (2,7.1) can "be rewritten as 

= 0. (2.7.3) 

Since r is defined implicitly, the existence of a solution of 
4irx* = 0 is better studied through the operator ^ restricted to y. 

The following lemma relates these two operators, 

laiMA 2,5, let the assumptions of section 2,1 and conditions 
(2,3,1) and (2,3.2) be satisfied. Suppose the relations (2.6,1) 
are valid. Then for each x* G y we have 

1 |i/»rx* - t(;x*| 1 < (em ^0 ^0* (2.7.4) 

Proof t Suppose x* G V. let x = rx*. Then x G 1(1) n S^, 

Qjjj^x = X* and Lx = P^ Ix'^. So 

- 'KX* = “ Nrx*). 

Hence, by Bessel's inequality and relation (2,2.1), we get 
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1 1 ilirx* - ta*| 1 < I |Hx* - srx*| I 

+ 2^111 

(see (S.4,|)) 

% 

b 

< l^od 1 1/ K^( -,3)1: (Hrx*)(s)-ClJx )(s)aO I 1 i 

9/ 

+ 111 ^ 0111 ) 

1 ko(e^kod+e ) (see the proof of theorem 2.2), 
This completes the proof of the lemma. 


We use the above lemma to determiae conditions on ij;j7 
which guarantee that the eq_uation (2,7,1) is solvable. Since ^ 
and ij^r both restricted to Y map a finite-dimensional space into 
another f in it e- dimensional space, we shall define a map which 
takes one coefficient space into the other. 


lor the above said purpose, we apply the G-ram-Schmidt 
process to the elements to obtain orthonormal 

elements . . . , bet m = p + m - q. By l.l(v) we have 

m > m. Let be a copy of Euclidean m-sp ace where we represent 
each point 5 G as an m-tuple : 5 = (bj^^ h ’=p’ =4+1- 

Also, let be a copy of Euclidean m-space where we represent 
each u G as an m-tuple : u = (u^, ,.,,u^). We define two 
operators 

: E "*• Sq and Tg : < , aj^> -* E by 


(Li,b 


1» ^2 » 




->Cm) = 

’ m' 


P 

2 

i=l 


b,. <P. 


m 

2 

L=q+i 



(2.7.5) 
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and 

m 

Tg 0)^) = (2.7.6) 

Clearly and are isomorphisms, let 6 E® be the element 
with r^( 5^) = Xq, and let 7 ; 130 ■j;];^0 operator defined by 

7 = Fg 4) r^. (2,7.7) 

let us choose a number e > 0 such that the set 

U = (c e : U - ?ol ^ (2.7.8) 

is mapped by into the set V. The proof of existence of such 
an e is given in the appendix 3. Under the l^ypothesis of 
theorem 2,2, v/e observe that i}i and 4' rr^ map the 
ball U ClE^ continuously into iP. This is used in the 
following theorems to establish the existence of a solution 
to the eq. nation (2,7,3), 

THEOHM 2,4, Suppose m = 1. let the assumptions of section 2,1 
and conditions (2.3.1) and (2,3,2) be satisfied. Suppose the 
conditions (2.6,1) are valid. If there exists a number 6 >0 
such that the closed interval C17(U) and 

^o ®^^o — there exists x* Q Y satisfying the 

equation 4'rx* =0, Moreover, x = ix* is a solution of original 
MPB7P lx = Ux and x = x*. Also 1 j jx - x^^j 1 j < d and 

y(x ~ Xq) < R» 

Proof ; let us choose 5^, ^2 ^ ^ such that 7(5^) = 6 and 
7(^2) = -6. let x* = r^(5i) and y* = r3^(52). Clearly x* and yV 
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are elements of V. By lemma 2,5 we have 

1 - i{.x*l 1 < ( 6^1 + e) < 6 and 

1 Ury* - ,|;y*l I < (e^ d + e) k^ < S. 

Thus 

j Tg ii> rr^(5^) -6| = I Tg - Y(5i)j 

= iTg n; rr^(5^) _ Fg r^(C^)l 

(hy (2.7,7)) 

= ll'i' rr^(s^) > rp ri(5i)ll 

= 1 1 <fi rx* - i/»x*j 1 

< 6 . 

Therefore i|) ^^^(5^) >0. Similarly we can show that 
Tg }p ~ J'toreover, since Tg ij/ rr^ is a continuous map, 

the set Tg ip rr^(U ) is connected. Hence there exists 5 G U such 
that Tg rr^(S) = 0. Then hy setting x'^ = ^^( 5 ), we have 
X G V and tJ^Tx =0. Hence x = Tx is a solution of lx = Hx, 
Obviously, as we noted earlier, we have Qjjj x = x ,| j jx-x^^j j [ < d, 
and pCx-Xq) < R. This completes the proof of the theorem. 

We need the following lemma for our next theorem, 

Ig flMA 2.6, Suppose ifCSQ) = 0 and the following conditions are 
satisfied : 

(i) The map f has first order continuous partial derivatives 


in the interior of U 
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(ii) The Jacobian matrix for has rank m at 5 . 

0 

Then there exists a number & > o and a continuous map A 
such that the set 

fi = {u e : juj <6} (2.7.9) 

is a subset of ^(U) and A : Q U with ^A(u) = u for all 

\X £, Qm 

lor a proof of the lemma see the reference given for the 
proof of theorem 0.2. 

We now present a theorem which relaxes tie condition m = 1. 


TJffiQdM 2,5, let the assumptions of sections 2.1 and conditions 
(2,3,1) and (2.3,2) be valid, let the conditions (2.6,1) be 
satisfied. Suppose the assumptions of lemma 2.6 are valid and 
suppose (e^ d + e) < 6 where 6 is the number in (2.7.9). 
Then there exists an x* G V such that i)>rx* =0, Moreover, 

X = fx* is a solution of the original lYBBYS lx - Nx and 
Qjjj X = X*. Also I I jx - Xjjl 1 I < d and y(x - x^) < R. 


Pr pp^ i 


let us consider the two maps fg ’I' A : £2 -* and 
E^, Take u G ^ and let x* = A(u). Then x* G V and 

^2 ’^l " 7A(u) = u. Moreover, 


A(u) - 


u| = I Tg t|; rr^ A(u) - Tg x*l 
= 1 1 ’{'Tx* - te*l I 

< (e^ k^ d + e)kQ (by lemma 2.5) 

i . I . t', ■ -'h 

■it i* a ■» M js , 


Afife lie. 


t 

4 
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Thus 

1 ^8 ^^1 - u-1 < 6 for all u e a. 

Hence by theorem o.S (iif) we have d( ^ rr^ A(u), n , o) = 1. 
.Theref ore by theorem 0,3 (iw) there,.,exists an element u e a 
sirch that A^u.) — o« Setting n* .= -Tj^A(.u}., we Jlaa.ve - 

X* 6 "Y .and- = 0* . Obviously x = .a solution cff the ' 

original MPBVP lx = Hx and x = x^» Since x 0 S^, we clearly 

have I j jx - x^j 1 j <, d and u(x - x^^) < R, This completes the 
proof of the theorem. 


RMi^ 2,1. If X is of the form X(t,XQ» . *»,Xq^) where 
q ^ n^l, then from our analysis of this chapter we observe 
that it is enough to consider the space h'^(J), In this 
case 111*111 will be the corresponding norm on Also, 

the quantities 0^ ore to be defined as followss 


e- = TtCa ( I ( sup 

i=0 t G J 




a at 


(/ / ds dt)V2, 

a a at 


max (sup / ds)^/^* 

5^0,.., q teJ a 6t^ 


Also, in this case y will be the corresponding function on 



GHAPIER 3 


M ILHJSmATIYB BMP IE 


3 *0 . OUILIEE OB THE CHAP TEE. 


In "bhis chaplser we make use of the theory de-veloped in 
the earlier chapters and prove the existence of a solution 
to the following third order nonlinear three-point boundary 
value problem: 


x^^^ = (x + t - ^ sinmt, 

= x^^\l) = x(^) = 0 
over the interval J = • 

3.1. EXISTBHGE OF A SOIUTION 

Take X = x^^^ B|^(x) = x^^^(O), Bg.Cx) = x^^^(l) 

and B2 (x) = x(^). 

As usual, the operator 1 is defined as follows: 


(3.0.1) 


(3.1.1) 


D(L) = { X e H^(J)s x^^^(O) = x^^^(l) = x(^) = 0}, 

(3) 

Lx = x^ 

First of all, we obtain the adjoint l’*’ of the operator L. 
Let G^( J ) denote the space of all real— valued functions y 
on J where y is continuous and possesses first and second 
continuous derivatives on £[0, 33id y G S. 
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At tte point t= ^ , the function y and its first and second 
derivatives may have discontinuities of the first kind only, 

3 

Suppose ye & (J). Then 

f x^^^y dt = f y(dx^^^ ) = J ^ J. d(x^^^)+ / y d(x^^^) . 
o 00 1/2 

(3.1.3) 

Integrating hy parts we have 

1 Q 

/ at = ^ 3 ^( 8 )^" 

o ° 0 1+0 

- / x(2)y(i)at 
1/2 

= y(| -o)x(®)(^)-y(o)x(^to)+y(l)xf^\i)-y(| +o)x^^>(|) 


_)/'x(2)y(l)«./x(2>ytl)at. 


1/2 


(3.1.4) 


Again, 

(1)^^ ^ j' x(^)y(^)dt = yv^^d(x^^^) +/ y^^^d(x^^h 
1/2 0 1/2 

= - / y("yi>dt 


o 


+0 o 


1/2 


= _o)-x^^^(o)y^^\o)+x^^^(i)y^^\i) .. 

-x(^\i)y'^)(^+o) - -I y^^h'^ht. 


(3.1.5) 
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finally, 

= /^V2)d(x) + / y(^)d(x) 

o 1/2 o 1/2 

= y(2)^]" .//^y(3)dt./ xy(®)dt 

o I +0 ° V2 

= -0) x(|) - y^^^(o) x(o) + y^^^(l) x(l) 

1 

- +0) x(^) - / xy^^^dt, (3.1.6) 

Thus, from (3.1.4), (3.1.5) and (3.1.6), we get 
/ x^^^y dt = ~x(o)y^^^(o)-y(o)x^^^(o)+y(i)x^^\i)+x^^^(o)y^^^(o) 

0 

-x^ ^^(l)y^^\l)+x( l)y^^^(l) 

+x(|)[:y^^\^-o) - y^^^(|-ho)n 
+x^^)(^)Cy^^^(i^+o) -0)3 

+x^^)(|) [j(| -0) - y(§+o)I] 

+ f x(-y^^))dt, (3.1.7) 

o 

/ IT \ 

We know that the formal adjoint of tx = x'^ is given hy 
* (3) 

Take B^(y) = y( 0 ),B 2 (y) = y(l),B|(y) = y^^)(0), B^(y) = y^ )(1), 

B^(y) = y^^)(J +0) - y(^)(| - 0 ) and-Bg(y) = y(| -0)-y(| +0) . 
5 
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We observe, from (3.1.7), that the adjolat 1* of 1 is 

given "by 

D(L’^)= {y e G^(J) : y( 0 ) = y(l) = y^2)(o) = y*^^)(l) = Q 


y(^ -0) - y(| +0) = 0, 

y^^)(|+ 0 ) - y(^)(| _o)= 0 } , 


Cleanly, iI(L) = SZf and N(l'') =0 . Therefore, p = dim H(L)=o 
sjid q[ = dim N(L ) = 0 • Also ilio functions ^fZ siii'nic'fcj 
k= 1, 2 j 3 j • • • • • . • ^ belong to D(l^) and' form a complete 

orthonormal set in S* Ihe operator ) is defined by 

T^(t)x = tx = x^^'^ for all z e YIe can easily verify 

that; tile functions 1, Y'^(2t-.l), Y'5 (6t^-6t+l) form an ortho- 
normal "basis for N(T^(t)), 


Take 

*^(t) = 1 

, <^2(t) = 

■f3(2t-l) and 

(^^(t) = f5(6tl6t+l) . 

We have 



*3(t) ; 1 

f3(2t_l) f5(6tl6-b+l) 

de t ^’ ( t ) = 


4^\t) 

4^)(t) := 0 

2f3 f5(12t_6) 




0 

0 12f5 


= 24fl5, 
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W^(t) = 


WgCt) = 

and 

Wg(t) = 

Therefore , 
G(t,s) 


0 tgCt) 


. 0 

f3(2t-l) f5(6t^-6t+l)j 

0 


• = 0 

2f3 

Y'5(12t-6) 1 

1 4®^t) 


1 

0 

i 

12f 5 ^ 

i 



~ 4fl5 

(3t^-3t+l), 

♦ 0 

'fr3(t) 

1 

0 


0 


= ' 0 

0 

■\r5(12t-6) 

♦ 1 


i 

: 0 

1 

I2f 5 : 



= -.6V5(2t-l), 



0 

1 

f3(2t-l) 

0 


= : 0 
i 

2f3 

I 

0 

4^h-i) 1 

■ 0 

0 

1 ■ 

i 


= 2f5. 


3 Tfj,(s) 

i=l det$(s) 

=: (4fl5 (3s^-3s+l) - 6l/'l5(2t-l)(2s-l) 
+ 2Y'15( 6/-6t+l) )/24T 15 . 
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By ex3-ct calculation we get 

G(t,s) = ^ (t— s)^. 
Determination of constants 

let B be the matrix denoted by 


j 

Bl(*g) 


= (Bj(*,)) =( 

1 


Bg(+3) 1 

VbjC*^) 

B3(*2) 

^3^*3^ / 

/O 

2^3 

-6f5 \ 


0 

V 1 


2f3 

0 


6f5 
-f5/2 / 


Calculating the inverse of 

B we get 


jhi 

^12 

■^13 

A = (A^.)=B-h j Ag, 

h2 

^23 

1 

\ ^1 

H2 

%3 

1 

1 

1 \ 

/" 24 

24’ 


1 

^ ■ 1 

— I. ir.r.,:'* 

; 4^3 

.JL- 

ifB 

0 

L m... 

1 

0 

' 12^ 5 

12f5 



Thus iB = I . 


(3.1,9) 


(3,1.10) 


(3.1.11) 
(3.1. IB’) 
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determination of '1'^ s and IC(t,s)j 

Let y e R(L) = S and let -s = Hy. Then 
3 t 

B.(x) 2 .c^B^(<j)^) + B^( S G(t,s) y(s)ds)=0. (S.l.lB) 


G'('^js)y(s)ds) = y y(s)ds) 

1jr 2 

- ( / y(s)ds)^^^(0) 

o 

t 

= ( J (t~,s)y(s)ds)(o) - 0, 

0 

\iS G(t,s)y(s)ds) =i B^{ S L2g^J- y(s)ds) 

0 o 

t 2 

= ( / y(s)as)^^^(i) 

O 

1 

- f (1-s) y(s) ds, 

O 
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Therefore, from (3.1.13), we get 

= o> 

3 1 

(l-s)y(s)ds = o, 

1=1 0 


and 


S 1/2 /o /,s2 

.2^ *•* y(s)ds 


(3.1.14) 

(3.1.15) 

= 0. (3.1.16) 


Multiplying (3.1.14) with (3.1.15) with A^2 (3.1.16) 

with A and adding them we get 
3 

1 1/2 2 
+ A.p S (l-s)y(s)ds + k.rz f y(s)ds=0. 


(3.1.17) 


Taking s, = 1, from (3.1.17) and (3.1.12), we have 

,1 1/2 /p .^2 

°1" “^12 (l“s)y(s)<ls - A^^ / A y(s)ds 


13 


8 


i 1 1/2 /o 1\2 

= - p-T / (l-s)y(s)ds - / i y(s)ds (see(3.1.11)) 

O 0 

^1/9 


= -. / + l£|riiQ^ y(s)ds 

0 

1 ^ 

*- PA I y(s)ds. 

1/2 

Therefore, 

¥«) = - n 



60 


-( l-s) Y / s 

- r;4~^ ^(1/2,12]^®) 

-- 1 „2 13 1 /I o\ 

- -2 “ 21 ® + ^3 ^[p,i/2)^^^ - X(l/2,g(^)- 

(3.1,18) 

Similsirly j foj^ = 2j from (3.1,17) send. (3,1,12) w6 gel; 

1 ly'2 2 

°2 = ”-^22 / (l-s)y(s)ds - Hs-.l), y(s)<is 

1 

= ~ (l-s)y(s)ds. (see (3.1,11)). 

'Ihas v/e havB 

♦aC®) = - • (3.1.19) 

In a similax manne.r we obtain 

'i''>:(s) = — (3,l,2o) 

12V5 

Having obtained the espressions for ^ s, we now derive 

X* 

below an explicit expression for K(t,s), 

3 

2 %(t) *,(s) = -(^ si g s + |) l<[p,i/2)(s) 

— -1* 

- ’‘( 1 / 2 , “ 4^3 

” lifs -6t4-l) (1-s), 


Then, after a simple calculation, we get 
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® - 24 ^ ^(1/2,11 

f* g 

: — (l“S)(g' t _ -g.) 4. fQ^. 0 ^ S "b < 1, 

K(t,s) =/ (3.1.21) 

I “^2“ ® ^ ^ ^[p,l/2)^®) - ^(V2,i]^^^ 

\ 1 2 1 

\ - (l^s)(^ t _ ^) for 0 ^ t < s < 1. 

Determination of K^(t,s); 


We take = f 2 s-irntt e D ( L ^), We define 

P^(x) 5 = (x, Y 2 sintc(*)) fS sinTC(.). 

1 

Since K-(t,s) = K(t,s) - T^C/ K(t, 5 )sin 7 t 5 d^)Y2 sinits, we 

01 

obtain a more suitable expression for / K^(t,s) sinits ds. 

0 

Obviously, 

1/2 

/ J K(t,s)sinns ds + j K(t,s)sinn;s ds 
j 0 t 

V ,1 

» + / K(t,s)simts ds for t < 1/2, 

1 1 1/2 

/K(t, s)simts ds =/ 2/2 ■b 

° ] / K(t,s)sin 7 i:s ds + / K(t,s)siniEs ds 

0 1/2 

I 1 

I + j K(t,s)sinTis ds for t ^ 1/2. 

\ 't/< 

For 0 £ t ^ 1/2, we have 

/ IC(t,s)sinTcs ds - I br(§ ^ ® ^ “ (l~s)(g- "b - ■^) 

^ ° 2 

— ^ stnjcs ds. 
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1/2 1/2 
/ K(i;,s)sin7tsds = f r_(l s^_ H s + 

+: 4 - ''2 24 


*-(l-s)(g- t _ ^ sinits ■ dsj 


sinius ds • 


K(t,s)sinus ds= 1)^ 

Therefore, 

1 1/2 r, 

/ K(t,s)siiiirs ds = / -(| g s 1- l)sintcs ds 

“ (l-s)(^ |) sinus ds- / sinus ds 

(t-s/ . 

+ j sinus ds for t < 1/2* 

0 ~ 

Similarly, for t > 1/2 we have 

1/2 


1/2 1/2 
J K(t,s) sinus 
0 


ds = / [1(| s^- ^ s + ^)_(i^s)(|t^- |) 


t 
/ 
1/2 

1 

r 

t 


ds 




+ ds, 

■C t 

f K(t,s) sinus 

1/2 


I " - 

^ sinus ds, 

S K(i;,s)sinus ds = j £1 _(l-s)(i i) 3 si] 

“b *fc ^ ^ 


I sinirs ds • 


/ K(t,s)sinus ds = / -(^ ® ^ ® sinus ds 

- / (l-s)(^ ^)sinus ds 

o 

- / sinus ds + / sinus ds 

1/2 o 
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1 

Noting that the e^ressions^ for / K(t,s)s±nirs ds in both 

0 

the oases t e Co.l/S."] and t e [lA,!] are the sane, for 
all t G J we have 

1 1/2 

/ K(t,s)slnt:s ds = _ / (| a _ g s + |) sin,ts ds 


“ / (d^s)(^ t _ ^) sinius ds 

1 t 2 

- f sinics ds + / si 


1/2 


By elementary integration, we get 


sinics ds . 


(3.1.22) 


/ K(t,s)sin7rs = J. (^g, 

0 n: 0 


But, 


0 


t/2„.,2» ^ . 

r (s ~2slH-t ) j It cos Tct 

J — L sin-rcs ds = - , 


% 


3 2n 


It'- 


(3.1.23) 

(3.1.24) 


Therefore, from (3,1.23) and (3,1,24), we get 

/ K(t,s) sirnts ds = 2°|25, , 

0 

Thus we get the following expression for Kj^(t,s): 

T/- /+. T/'/ 4 - r,^ 2 cosTtt sinits 

K.(t,s) = E(t,s) - — . 

TZ 


(3.1.25) 
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Substi-buting the e2q)ression for Z(t,s), we get 

if " ^ Yo.V 2)(")- ’‘(1/8, gt®) 

‘*(l~s)(^ t^_ ^)+ <^osTi:t sfnits 


/ / 1 13 

/ "(s- ® 


K,(t,s)=: 


7h 


for 0 ,< s < t < 1, 

(3.1.26) 

5 ) ’‘Co,i/8)(=) - ’‘(i/2,g(®> 

\ -( 1 - 3 ) (| t®_ 1 ) . plnns 


/I „2 13 1, 




Determination of and 0 ^: 
first of all, we have 


1 2 
/ K.(t,s) ds = 


I 


"b ^^"2 1 

/ K^(t,s) ds+ / KH(t,s)^ds+ / KM(t,s)^ds 
D t ^ 1/2 

1/2 t for t < 1/2, 

I K.(t,s) ds+ / K-(t,s)^ds 
3 1/2 

2 

+ / K^(t,s) ds for t > 1/2. 
ij 


Substituting the esjpression for K^(t,s) on eacjh of the 
subin. terrals , elementary and lengthy calculations yields that 


t® 8 


.5 11 ,4 3 +2 17 2 2 


/ r 4-^ XX 4 .^ 0 If 

/' - 1^8 ^ + ^680 


_ ^ COS Tct 


TC" 


for 0 < t < 1/2, 


S K.,(t,s)^ds 


(3.1.27) 


■b 7 +5 7 +4 1 ^3 17 ^.2 


\ + f ^ 7'63 o ~ oos mt for 1/2 4 t ^ 1. 

^ 7C 
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p 

We can check that J K^(t,s) ds 


is continuous on J z= co.g. 


Since S K-(t,s) ds > 0 for t e J 

0 “ 

t e Jj from (3.1,2?) we get 


and cos Tit > o for 


f K-(t,s)^ds < 


/ 2 ^.5 11 4 3 ,E 17 

f - IF ^ + 9 ? ^ - 128 + vrsb 0i^< 1/2, 

^ g (3 .1,28) 

/ L. t®4. L. 1 ^.3 17 2 1 . 13 

for l/2<t<l. 


lake 


aiC'fc) 


^ ,5 11 4 3 +2 1? 

^ t + ^ t - t + 


(3.1,29) 


Iten = r- - 1 H - i? 

The points t = 0| , 1/2, 3/2, ^ (2 ± 'V'i3) are solutions of the 

equation a^^^(t) = 0. We notice that t = 3/2, ^ (2 i ^13) 
lie strictly outside the interval [p,l/0 * Moreover, a^(o) = yggQ 
and a^(l/2) = 0. Therefore, 

sup a^(t) = . (3,l*3o) 

■<= e Co» VC 


Take 


ao(t) 


Then ocl^^(t) 


7 +5 7 4.4 1 +3 17 .2_^ 1 t j. . V- 

^t+^t + ^i - W + 7680' 


(3.1,31) 


r”" 1 ^ 


7 u4 7 4.3 1 +2 17 4. 1 . 

1-, L, 4. wr t + *- T “ + ti Vo • 
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The points t = ^1/2, 1/2, i, £ r-i+TlSv 

/ , / ,x, g U - ^^ 4 -) are solutions of tte 

equation = o. Moreover, the polots t = _i/s, 2 


atrletly outside the Interval j/E.iJ. 
cc 2 (l) « and ag(^) t: o. Therefore, 


sup a (t) = ^ 

t cQ/2,1] 


(3,1.32) 


Hence, from (3.1.28), (3.1.89), C3.1.30),(3.1.3i)and (3.1.32),we get 

3UD r F r-h ^ IV 


te":o,g • 


Therefore, 

( sup 




r- 0 


1 

/ K^(t,s)2ds)V2 < r < o,o4V049 


Differentiating the e^jpression (3.1,26) with respect to t, 


(3,1.33) 


we get 
dK^(t, s) 

w r.-rii* 

dt 


2 

-.(l-s)t + -g- sin-rct sinics + (t-s) for o<s<t<l, 

“ 


2 

» -( l-s)t 4- sin-rtt sinrcs 

TC 


2 

s(t—l) - 1 - "’^-sinTit sinTcs 
ic 

2 

t(s-l) + sin-ret sinits 


for 0<t<s<l. 


for 0<,s<t<_l, 

(3.1.34) 

for<t<s<l. 


Therefore, 


1 aK.,(t,s) 2 

J (g-gsk™.-... ) (Jg 


t aK^(t,s) „ 1 aK^(t,s) g 

J ^ ; ds + J - ' ' ) c 


t 2 2 

= J [s(t-.l) + ^ sinTtt sinics] ds 

r\ 



67 


+ / 0;(b~1) + ^ 

t ^ 


sinTct sinits] ds. 

It 


After elementary and lengthy integrations, we get 
1 0K^(t,s) P -1 A o -z O 

r ('>—1 . 1 2 ^3 1 ,2 2 2 

{ (g^ ■ - ■”) ds _ g- t _ t + - t 2 ; sin Ttt, t e J. 


Since f ( 


1 5K^(t,s) p 


(3,1.35) 


) ds > 0 f or t G J and sin'^Tit > o for t e J , 


from (3,1.35) we get 

1 5K^(t,s) 2 1 4 2 3 1 2 

/ ^ -t » £ t + i t e J, 

0 at -303 


(3.1.36) 


Take P(t) 


1 + 42,3 1,2 

+ j-t. 


Then p^^^(t) = | t^.-2t^ + | t. 

o ^ 


The points t s* o, 1/2, 1 are solutions of the equation 
§^^^(t) =: 0. Moreover, p(o) = 0 ,§ (^) = ~ and p(l) : 
Thus 


sup P(t) = . 

teCo,g 

Therefore, from (3.1,36) and (3.1,37), we have 


(3.1.37) 


1 dK^(t,s) p 1 /p 1 

( sup S (g-^— «—«—,) ds) ' ^ 0.14433 

t e 5,g ° 

Also, a simple integration of (3.1.35) yields that 

1 1 aK+(t,s) 2 • 1 1 

/ J d3at = 55-^. 

0 0 % 


< 0.1443377, (3.1.38) 
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Hence , 


1 1 6K,(t,s) p , 1 

(/ / (5^^^ ) ds dt)V2,(l _1 


0 o 


90“ *-5-) ■< 0.029496, (3.1.39) 


71; 


From (3.1.33) and (3,l,39)j we gei; 

1 


( sup 


t e lb,r 


f K^(t,.)^a.)Va,(//(^^i!-f,Vd.dt)V8 


0 0 


< 0.047049 + 0.029496 
« 0.076545. 

Therefore, 

®1 ^ 0.076545. 

Also, from (3.1.33) and (3,1.38), we get 


(3.1.40) 


0^5= max ( ( sup j 

t e Eo,g ° 


/ K-(t,s)^ds)^/^ , 


1 dK.(t,s) p wo 
( sup J — - ’-)^ds)^'^) 


t e [0,3 ° 

< max (0.0 4 7049 , 0.1443377) 
« 0.1443377. 


Therefore, 


0 ^ < 0.1443377. 


Here X(t,x,x^^^) = (xx^^^)^ ^ - I 

(Hx)(t) « (x(t)x^^)(t))^ + t - I simtt. 


(3.1.41) 

Therefore, 
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Take m = 1. 

Take t^= cos7c(.) G D(L). Let S^= < f2 cos 7 c(.) >. We' 

Lave m « p+m-q.=:nt=l . The functions r,; S . 

1 o’ . 

Fgj < "fS sin'n:(.) > ~* E* are given hy . 

•1 

r^(5) = Ts 5 C0S7c( , )j ? e B , (3,1,42) 

and 

Tg (. f2u S±mc(.)) ;= u, (3,1,43) 

1 

Let S 6 B f«>-d consider r^(c) =5f2 cosn:(.) = x 6 
Then 

L r^(C ) w (f2 5 cosTc( . )) ^^^ = T2 5 7T:^sin-n:( , ) , 

Hence, 

P^Lr^(5) = f2 5 7E® Sin7t(.)‘ (3.1.44) 

Also, we get 

(Nr^(C))(t) == Tv^ sin^ 27 tt + t - I sinict. 

Therefore , 

(P^Nri(5)) = 7 C^^(sin^ 27 i:(. )) +P^(l 3 _(:) - | sin7i:( .)). 

After simple calculations, we get 

(P^ir^(£ ))(t) = II TC sanTtt. (3.1.45) 

Prom (3.1.44) and (3.1.45), we have 

) = p^(Lr^(C) - hTi(5)) 

« f2e It® Sin7c(.) - ||tc 5*^ sinTt(.). 


(3.1.46) 
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We laicjw that 


'J'CO *= rg^ ri(0, 5 e s^. 

Hence, from (3.1.46) and (3.1,43) we get 


'{'(?) 




(3.1.47) 

(3.1.48) 


We clearly notice that 5^ = 0 is a solution if 'P( 5 ) = o. 
lake Xq - 0 e S^. We notice that (HxQ)(t) = | sinTct. 

Calculating, we get 

- I ste(.)||® 

1 49 

" 3 *“ • 


Hence , 

1 l^^ol I = (| - < 0.36318. (3.1.49) 

Therefore, 


1 |n(M2.)^^ol 11 ~ ®il l®'^ol 


Thus, 


t I H(I.^ ^)NXq 


Also, 


< (0.076545) X (0.36318) (by (3.1 .40) and 

(3.1.49)) 

< 0.0277997. 


< e = 0 .0277997. 


(3.1.50) 


(II(I^-)Nx^) < 0 ^||HXq 1 


< (0 .1443377) X (0 .36318) (by (3.1.41) and 

(3.1.49)) 


4 0 *052420 6 * 
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Thus , 

< e = 0.0524206, ( 3 , 1 . 51 ) 

Taice xeS^. Then x = ? f2 cos 7 c( .) . Therefore, 

1 1 |x| 1 I = sup |x(t)| 4- 1 j 

^ e Io»3 

«= |5 It’s + I l-icefS sin7c( ,)| I 

= I e |f2 + Ttj^ 1 = (f2 + n) |5 I , 

Hence , 

I 1 1»-3Cq| I 1 = I I x| 1 I =: (V2 + tc) 1?1 . (3.1.52) 

Also, 

w(x) = max ( sup l?f2 cosTttj , sup l-n:cf2 simc |) 

e [p,I] t e [o,g 

ta max ( I 5 If 2, ref 2 | ) 

- rtf 2 1 5 I . 

Therefore, 

y(x~XQ) = y(x) = rtf2 |s | . (3.1.53) 

Suppose 1 1 1 x| I I £ c for some c > 0. Then from (3,1.52) 
we have (f2 + m) |s| < c. Therefore, 

lel <_ :7f--T • 

(f2 + It) 

Then, from (3.1,53), we have 
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Take the sots 


U 


U(x) < hjjIL 

■“ (T 2 + TC) 


{se Bt |?-5ol=lE| ■ 

(YUn) 


(3.1.54) 


and 


V = { X G SqS x-Xq 


X < c, 


v(x) < 

~ (Y2+n) 


(3,1.55) 


We clearly observe that the map r^: maps the set 

U into V. We take 


(f2+%) 

and (3.1.56) 

07 c {2 

(VS+TC) 

We note that 

Nx-My = (xx^^^)^ - (yy^^^)^ 

= (xx^^^ + yy^^^) (xx^^^- yy^^^. 

Therefore, 

|N»JSryl < (|x||x^^^l + 'ylly^^^l)(lxllx^^^-y^^^l+|y^^^llx-yl). 
Thus for x,y G S^> we have 

[Nx-lTyj <.2R “R |x-yl +R |x^^^-y^^^lll 

= 2E® ::|x-y| + n. 
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Let us take =2 R . 

By remark 2.1, the conditions of theorem 2,4 are equivalent to 

_3 

e^k^ < (0*076545) ^ (2 R ) < 1, 0 < c < d, < R 

3 (f2+Tt) * 

c+e <=(»-0 .0277997 < (1-0.15309 R ) d. < (l-e,k U. 

' "" T!.' l0' 

+ e + 0.0524206 < R -0.2886754 R 

(f2+%) (Y2 +ti) ■" 

< R - e.kod, 

3 ' *^ 3 

(0^k^d+e)kQ < (0 .15309 R d + 0.0277997) 2 R <6, 


and there chould exist S., G U such that 

JL 

^ ^ ^ '^(^o) £ -*6 where 6 > 0 is some nimher. 

We shall find constants c,d,R,6 and 6 U such that 

the follov/inc inequalities are satisfied. 


0 .15309 n < 1, 0 < c < d, < c < R, 

(fB+i:) 

3 

c+ 0.0277997 < (3U.0. 15309 R )d, 


ssii — + 0.0524206 < 0 + 0.0524206 < S - 0.2886754 E 4, 
(T2+It) 

3 3 

(0.30618 ti d + 0.0555994) Ti <6, 

and 


'1' (^i) = 7C >6, 

*^(52) — S 2 ^ " 7 t 5 2 w * 

One possible choice for the above quantities is 


csO .0 1, 


«-0.0l 

(T2+tc3* 


^1^^ j|f 


R 


0.1, 6»0. 00006, 



and 

(Y2+in:) 
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We oan easily oheok that for this choice the ahote relation 

are satifified. Inde©d, for this choice it is easily to 
verify the above relatione except the last two and the last 
two ineiualiticjB become 

F ^3 16f2 A ^ 

- IB ^ > 6 = 0.00006, 

and 

, 3 16f2 4 ^ 

^2^ “ IB ”^^2 ^ “0.01 < -6 =-0.00006, 

Obviously, for this choice of the quantities the first mentioned 


rela-tions arc also satisfied. Hence, by remark 2.1 and 
theorem 2,4, the MPBVP 


^(3) = t-| sinrt, 


xa)(o) = xa)(i) = x(i) = 0 

has a solution x over the interval [0,3 . Moreover, 


lx^^^(t)l <0.1 for all t e [5,3 . 



CHAP HER 4 


BUS MCE OF M ISOIiAEED SOLUTION OF A MULTI_P0TNT 
BOUNDARY VALlTE PROBLEM 

4.0. OUTLINE OF THE OHAP'IER 

In this, chapter we follow the notations of Chapter 1 and 
find the existence of an isolated 'solution to the following 
MPB7P: 

Lx = Nx (4.0.1) 

over the interval J where N is defined sutse q_uently and 
L is the operator defined by (1.1.3), 

4.1. NOTATIONS AND ASSUMPTIONS 

Let Rj^» i=0,...|a-l be positive real numbers. We denote 

D = t (^o» •* ® l^il - %* i= 0 ,...,n-l} . 

Let X(t,XQ,..f,x^ ]_) be a nonlinear real- valued functicn defined oi 
J X D. We assume that X( tjX^t . . .»x^__^) is continuously 
differentiable with respect to (^c^, . • in J D, 

Further, we assume that X( .,Xq». ..,x^_l) is continuous for 
each fixed (Xq» . .•,Xj^ 3 _) G D, V/e define the operator N as 
follows* 

D(N) « {X e H^\j)s sup lx^^^(t)| <Rj_» i=0,...,n-2, 

t e J 

ess, sup |x^^*“^^(t)l » 

t e J (4,1.1) 

{IIx)(t)= all t e J for which 
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\{e sliall find 8ji isolated solution of ■fche-MPBVP 

Lx = Nx (41 

where N is defined by ( 4 .1 . 1 ) . Prom now onwards we take 
N to be the opere^tor given by (4,1,1). 

4.2. EXISLEIMGB 01 M ISOLATED SOLUTION 


Let T be cflt formal differential operator of order n-1 


given by 






(4,2.1) 


where G 0 (J), 1=0, . • . ,n~l. 


Let L^ be the differential operator generated by t - 
and B^s as in (1,1,3) where x is given by (1,1,1) and 

w 

B^s are given by (1.1,2), We remember ‘that B^, ...,B^, k < n 

are linearly independent. Let K|^(t,s) be the function 

corresponding to as in (1,3 ,10). 


Yife nov/ state the follov^ing lemma 


mmi 4.1. If ’0’ is not an eigenvalue of the operator L^, 
then tlB MPBVP 


V = '" > ♦ ® ® 

has one and only one solution on J given by 

b 

x(t) = / K (t,s) Hs)ds. 

a 


(4.2.3) 



pr oof : Since zero is not an eigenvalue of the operator 1 , 
we observe that dim N(L^) = o, and hence dim ]l(l^) = q 
(see l.l(v)). Moreover, since S = R(l^) 0 h(l*), we 
get S = Denoting to be the inverse of L , 

we get as in (1.3.11) that 

b 

(H OCt) = / E (t,s) ♦(s)ds, t e J 

a 

for <!> e S. Obviously, this is the solution of (4.2,2) on J . 
This completes the proof of the lemma. 

We say that x G D(L)a D(N) is an approximate solution 
of (4,1.8) if X satisfies the equation xx = hx approximately. 

The follcfv/ing theorem gives the existence of an isolated 
solution of (4*1,2). 

TjffiQffiM 4.1. Let the assumptions of section 4.1 be satisfied. 
Assume that the MPBVP (4,1.2) has an approximate solution 
X G D(D) n D(h). Let x^ be the operator given by (4.2.1). 
Suppose there exist a positive constant & and a noru-negative 
constant p < 1 such that 


(i) '0' is not an eigenvalue of L^, 

(il) 6 < 6 

for some t e J, i=0,...,^-l^ (4.2.4) 


(iii) (t)! < for all (x„ 

i«0 ^^i M 

such that |Xj_~x^^^(t)| < 6» and t G J» 



I-fere Lq is the operator generated by t and B.s; 

M = max where M^s are positive constants such 

i=0 j • * • ) i 

that 

.1) eXa.s) 2 I/O 

((l^a) sup / ) ds)V2<M to n -1 

t e J a 6t^ 1 ^ 


and K|^(t,s) 

is the function corresponding to L^j 

(4.2.5) 
r is a 

non-negati’VtJ 

nujnber such that 



1 1 Tx - Nxl < rV’BTa . 

(4.2.6) 


'i'hon the MPBVP (4»1.2) hjis a unique solution x = x 
such that x(t) e and this is an isolated solution. 
Furthermore, 

1 x^^^(t) - X^^^(t)| < , i=0,...,n-l. (4,2.7) 

ProjDf: As usual, we define a pseudo-norm v(.) on 

as follows: 

m(x) » max ( rmax sup lx^^^(t)|, ess, sup lx^^"^^(t)|) 
i=0, , ..,n-2 teJ t e J 

for X e , 

Since x B D(N) n J)(L) is an approximate solution of (4,1.2), 
we have 

TX = NX + n , B^(x) = 0, 3=1»2,...,1 c (4.2.8) 

where n is the residue function belonging to S. 
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We define 




<6, 1=0,..., n-1 


for all t e J for which 
exists } . 


We notice that if xe then (x(t),x^^^(t), ..,x^^“^)(t)) 

eD^. therefore, by (4.2.4(ii)), J) C I)(I) . let us 

rewrite the eciuation (4.2,8) as follows: 

Tx = ,Nx +n »T^x + T^x, B^(x)=0, D=l,2,...,k. 


That is 


(t~Tq)x a hX + n » TqX , 

15 ■ ( x) “ Of jjrslj 2 , t • jk * 
J 

Hence, as in (1,1.3), we have 
LqX = Mx + n - T^x . 


Therefore, by (4,2,4(i)) and lenmia 4,1, we have 
b 

x(t) = / KQ(t,D) [3 (Nx + n - T^x)(s) 3ds, tel. (4,2.9) 

a ”” 


Let un conoider tte iterative process 
b 

K 

a (4.2,10) 

where - x. 

We note that the socj[uence (Xj,) CDCip Clf(J)* firstly, 
we shall prove that the iterative process can be continued 
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indefinitely in (J), and that 


^^^+1*" (m=0,l, ...). 

For iD=0, (4,2.11) is evident. Since 

h 

xi(t) ^ x^Ct) = - / K^(t,s) n(s)ds, 


(4.2.11) 

(4.2.12) 


a 


we have 

v(Xi-x^) 


max 


( sup I / 


An(^»s) 


isQ I • « I 1. 0 J" cl 01 "b 


Ti(s)dsl ) 


t 8 K^(t,s) p -, /o 

< max (( sup / )ds)/^llnll) 

i=;0,*,.,n-l t e J a 8t^ 

(by Schwartz ineq_uality) 


max 


( ( sup S 


i=:a, » .,n-l t c J a 6t 


,1 6\-(t,s) 2 1/p _ 

0 • ') ds ) ^/^rfbla) 


^ max 

i™ 0 J . . ) n-* 1 

= Mr 


H^r 


(by (4.2.6)) 
(by (4.2.5)) 


(4.2.13) 


< < 6 (by (4.2.4(iv))). 

Ihis proves (4,2,12) for m = 0 ♦ 

Let us assume tiiat (4,2,11) and (4,2.12) hold upto m-1, Ihen 
by (4,2,lo), we heive 



and henoe 




max 


(( / ( 


> 8\(t,s) 


But, 




1=0, . .,ti_l t G' J a at" 

I C^y Schwartz inequality) 


t G J a 5t“^ ^ 


It%-^_1- 'oW-Vl))(s)l). (1.2.14) 






|X(o,x„,(.'0 4‘’"^’(s))-X(s,3i^,^(s) X^f>(s)) 


1 n -1 

1/ ( i: 

0 1=0 




3 Xu 




n^VT '1 ■ 




(4.2.15) 


We notioe that 
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The eq.U'-ibion (4*2*15) can he rewritten as follows • 


|X(s,2^^(s), . . .,x, 


® ^ ^ ® ^ ® ) » • • • (s) ) 


1 n-1 

i/(.i 

0 1=0 


(To(^iir\„j^))(s) 1 

' .,(3)), . .. Jn-1)( 

«»» '***'" .*■■;»■. m ^ .tT I 'l-TI IMrnOllliHfci 


-ai(o)^(4^)(s)-4i)(s))dv| 

(by (4.2.1)) 


-<■ ^ iar 

i=0 




-4i(s)l l4^^(®)-4-l(^)l 


^ lg»^~ — — — 




- l-i(s)| 


< ^ ( 4 . 2 . 4 ( iii))). 

Thus f r om ( 4 . 2 , 14 ) , ( 4 , 2 . 15 ) and ( 4 . 2 . 16 ) , we get 


(4.2.16) 


IS 




(4.2.17) 
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But _ x„). 

Therefore, from (4,2.17), v/e get 

This proves (4.H .11) for m. 

Also, 

<_ (p ^ 4 . p^-l + ,., 4 . p 4 - 1 ) y(x^«XQ) ' 

<^p. «(Xi«Xo) 

iliV (by (4.8.13)) 

<6 (by (4.2.4(iv))). 

Thin proves (4,2.12) form. 

By (4,2,11) rgui (4.2.12) it is evident that the iteratii/e 
procesG (■'UB.lo) (am bo oemtin-ued indefinitely in E^~^(J). 

Thus wQ Ju'ivc} i\ scsj^uonce (x^) Cl)(lo), {V C ^^(J) ana this 
sequence together v/ith all its derivatives upto order 

(n-l) m’u imil'nrriiiy convergont by (4.2,ll), since p < 1. 
Therefore, fehesre exists a fimction xG 0^“’'^(J) such that 

x(t) « iim x„(t),...,x^^~^^(t) = lim 
t 00 “ t - ~ 

Moreover, xf, 1^"'^(J) by (4.2,12). 



por “Ghis lijiii b iiuficbion Xj (4*2*10) yisl^s that? 

b p*, 

iW-f Ko(t .!0 _ 2 („,i(B) ?-l(s)) _ (,^l)(a)'’ ag 

b 

= .x(t)-3<^,^^^(t)4.J KQ(t,rO J(s,3(^^(s),...,3^^-1)(s)) ■ 

- X(s,ic(s), ...,i(^--l)(s)) 


(tqCx^^ - i))(s) ds, 


Then analoc'.oiui to (d.iUl?), v/e get 


d «. 

w(/ ‘fsO' a( 

£t *"** 


Thua wo ii; iva 


•■r 

" (^ 0 ^^ “ 2:))(s) ds) 
< Pw(x^ - x). 


b «. 

y(x - / K^C»,{ 3 ) ' (Mx - T x)(s').ds) 

a ■ — 


Letting w •-* v/a ncM.* that the right hand side of the ahove 
inequality tonda to ^ero* 

Hence, 

X = / K-(*,d) ; CNx)(s) « (t x)(s) ds. ( 4 . 2 . 18 ) 

a , 

Therefore, 



That is 


= Nx ~ B .(x) = 0, D = 1,2,.. .,1c. 

Thus 

Tx .Nx, ih.(x) = 0,3 = l, 2 ,...,k. 

Hence , 

Lx = Lx. 

Moreover, since - x^) < , letting m -* co get 

w(x - x) < . 

This provou (4,2.7). 

V/o new prove the uniquoncGS of the solution, 
let X be another solution of (4.1.2) lying in i^~^(J). Then 

Lx - Nx. 

This erm bo rowrit ten as 

TX « xji r.z Mx - TqX, B^(x) = 0, 3 = 1,2,. ..,k. 

Thereforrj, x can be expressed as follows : 

b «. ~ 

kt) / K ft,s) , (wi - T b(s) ■ as . 
a *- — 

Therefore, 

x(t)Jc(t) = / K (t,B) - (l3&-Ni-T^(x-i:))(s) ■ ds 
a ~ — 

( see( 4.2 . 18 ) ) . 

Then analopious to (4.2,17), we get 
y(x - x) < pp(x - x) 
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which jjnplies that u(3^x) = o because 
and hence the uniciuenesB is proved. 


P < 1. Thus, 


X = X 


Finally} v/e establish the isolatedness of the solution 


X* Pvit 




i=0 ^^i 


let us consider the linear homogeneous ©BYP 


ty - T]_y = 0, 


(4.2.19) 


iC y ) “ 0 > <3 “ 1 }>•'}•».} k • 


(4.2.20) 


By (4*2.4(iii)), wc have 


in-1 dX(t, x(t) , , . .,x^^“^^(t)) 




qj^(t>l < p/i > (4.2.21) 


Any solution of (4-. 2. 19) « (4.2 .8o) satisfies 


ry - T^y = (t3_-TQ)y, B.(y) = 0,3 =; l,...,k, 


That is 


V = (Td - T^)y, 


Consequently y can be ej^ressed as follows : 


y(‘b) « / K (t,s) - (t^^y “ 

a 

b -n-1 8X(s,i(3), .. 


= / K^Ct.s) ; E C§^ 


^4(3)) ds. 

ds "* 
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Theref ore , 


y(y) < M 

< M 


,„n 

o'c J iij - l.(s)l „(y) 

(analogous to (4,2.14:)) 

& ’'(y) (by (4.2.21)) 

fl 


= p''(y) 


which implies that u(y) =0, since p < i. This shows that 
y = 0 and hence there ir> no nontrivial solution of (4.2,19) i. 
(4.2.20), 'thus X “ X is an isolated solution of (4.1.2), This 
completes tiie proof of the theorem. 
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OHAPIBR 6 


M EXIS!EBMllTAIi AIALYSIS FOR A lORIiINEAR DB'FEIEEN'FTaTl 
EQUATION WITH NONUNEiR 

GONDITIONS aujUDARX 


5,0. OUTLINE OP THE GEAPTBR 

In thio chapter we develop an existential analysis fdX 
the following IPBVP with nonlinear houndary conditionsi 

TX = Nx, (5A).1) 

f^(x) =s 0, *, ,,k,k < n (5,0,2) 


over the interval J where t jUBi the operator defined by 
(1,1,1), and the function N and the real-valued functions 
f^s are defined subsequently. 

The following exan^ile is worked out in detail to 
illustrate the methods 


g- (x^^^(o) * ix))^ - x^^^(27c) = 0, (5,0.5) 

^ (x(0) + x(2tc)^ + x( tc) - 0 

over the interval [0,27x31 ♦ 

5,1. NOTATIONS ME ASSUMPTIONS 


We assume the followings 

(i) We tsOce t to be the operator defined by (1,1.1) . I't IS 
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assumed that the coefficient functions ia t belongs to 
0“'(J) and the leading coefficient p^(t) y^oon J, 

(ii) l®t * * * *^-1^ ® nonlinear re aL- valued 

function defined for t e J and |x^l < R^, i=o,...,n-l 
where each > 0 • 

(iii) X(., sCq, e S for each fixed (x^, . 

such that <%• 


(iv) 'i’he exists a real number > 0 such that for 

l^il « '^^i l^il ~ ^^i 


n** X 

|X(t,XQ, • .•,3{^j_)-X(t,yQ, . ..,y^_^;IL)| i 1 Xj_-y^l ),teJ 

(5.1.1) 

We define tte operator H as follows: 


D(]Sf)«'{xC sup |x^^\t)l<R., i=0,...,n-l» 

t e J 

ess. sup lx^^^^(t)j < 

"b G J 

(5 f 1 #2) 

(Rx)(t) « X(t,x(t),x^^^(t), ...,x^”^^^(t)) for all t e J 


for which | x(“-l){t)| < Vl • . 


Rrcm the assumption (iii) and relation (5.1.1), it is clear 
that Nx G S for x 6 D(N). 

Por je { l,2,,..,k } , Ic < n, we denoted by 


fjjW = g.(x(a),x^^^(a) x^®"^^(a)( xia^), 

x( ^5(ap x^“"^\api x(b),xO){t),..,i^\l>|l 
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for all x: G 0^“^(J) where a < < ... < < h 

sr.1 “t * • • f *) ^ nonlinear real*- valued funcfcicao. of "bhe 

variahles. 

We assume the following on f^s: 

(v) There exist real constants > 0, j = 1,2, ...,]£ such 
that for x,y e we have 

|f j(x)-.f^(y)| < iij( max sup lx^^\t)-y(i)(t)l ) , 

i“0 , ••,n— 1 tSJ 

(5.1.4) 

We tsolve the following nonlinear MPBtP: 

tx s Nx, (5.1.5) 

ij(x)m Oj li™ 1 j (5 .1.6) 

over tlio interval J where t is given hy (1.1.1), N is given 
hy (5,1*2) and f^o are given hy (5,1,3). Throughout the 
chapter t ,N,f^o atrmds for the quantities defined, above, 

5.2. OPERATOH AOT) IT* S PROPERTIES 

We oonsicter the operator Ii^’^) defined by (1,1,4), 
PrcM section 1.1, we rcoollcct the following facts about 

(1) D(I^(t)) ia dense in S . 

(ii) io a closed linear operator, 

(ill) Ii(t)* « Iq( t*) , 

(Iv) dim NClj^Ct )) « n# 
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AS we did in section 1.1, we choose functions ' 

00 . _ . 

G ^ (J ) I'O form an orthcnormal basis for 
Throughout this clmpter, we take G(.,.) to be the function 
defined by (1.3.2) . For y e S, we consider the function 
u defined by (1,3.3). We now assert that R(t^(t)) = s. 

Indeed, suppose yeS. Consider the function u defined 
by (1.3.3) corresponding to y. Then by lemmaM^, we have 
ueH^CJ) T^(t)u = TU = y. Thus R(1 i(t)) = S. 

Moreover, since S= R(T^(t)) 0 H(y f»)), we have H( Tq( t#) )= (^ . 
Thus dim N(1 'q( t*)) 0 . 

5.3. (3P1HA1’0RS F, Qjjj MD GERTAII RELATIONS HVOLVIRG Ti(t), 

We note that the operator T^(T)|H‘^(j)f\]j(T 2 (T)) is 
a closed one-.to-.cme operator having the same range as 1 i(t). 
let F denote the Inverse of this operator* 

P = (l'3^(T)tif(J)nN(Ti(T)f )"^. (5,3.1) 

By the Closed Graph Theorem, P is a one-to-one continuous 
linear operator. Clearly, D(P) = R(T]_(t)) = S and 
R(P) I)(!C^(t))a N('C3_(t) h #(J)nN(li(T)f . Moreover, 

T 3 _(T)Py = y for all y eS, (5.3.2) 

and 

PTT(t)x«x- I (3C,'fri)^4 for all x G i^^(J) 

^ 1*1 ^ (5.3.3) 

Phus P is a continuous right inverse of 
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Now, let us '‘elements . .. e D(T (x*)) = 

pf^(j) to form a complete ortiionormal set in s. The 
existence of sucli a oecjuenoe in H^(J) is not difficult to 
show. For example, consider the following selfadjoint 
eigenvalue problem: 

xCa) = x^^^(a) = x^^”^^(a)=o, 

x(b) « x^^^(b) a x^^"^^(h) = 0. 

Olearly, zero is not sm e^envalue of the above problem. We 
also know that the above problem has infinitely many eigen- 
values X 2 »»**'t ^ui**** * corresponding eigen- 
functions «2» ** •* ^ complete orthonormal set 

n 

in S. Obviously, the functions w^,tUg,,.,,a)^, 0 

Itike m > 1, Let Le the m+n- dimensional space 

mm U 

spanned by the functions 2* * **»'*’n’ Fc^,F“ 2 , . ..,Fc^. 

That is 

Sq « < ^ * (5.3.4) 

The sequences of projections {P^^) and ( 0^) 0 ^ S is defined 
as follows I 

m ^ 

P^X a (^»"i)“i X G S, (5.3.5) 

and 

n » ^ 


for all X G S . 

(5.3.6) 
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The operators and have the following propertiesj 

(I) R(P,„) = <“i “„>• 

(II) R(Q„) = So Clf'CJ). 

(III) pf, = ?„ “la ^4 = «m- 

We now state the following theorem* 

TJECEEM 5 *1. The following relations are valid: 

(i) P(Mjji) T^(t)xs (I«.Qjjj)x for all xe H'^(J)aD(T^( t)) . 

(ii) T^(t)P(I-^jj^)x ss (I-JP^)x for all x e S. 

(iii) 

(iv) Q^II( =s 0 for all xe S. 

Proof of tho above theorem is similar to the proof of 
theorem 1,1 «m(i csm btJ verified easily. 


5,4, OBRmN INmiUL REPIlESlimTION PGR P MD P(I-Pj 

The following theorem gives an integral representation 


for P* 

THECl®^ 5,2. Let y e S. Then Py has the representation 
given by 


n 

(Py)(t) « Z G(f,s)y(s)ds, 

1^1 , a 


t 0 J 

(5.4.1) 


where 


net) 


W 


/ #.(s)G(s,t)ds, t 6 J. 


( 5 . 4 . 2 ) 
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f^'.QPts 4Ealce y e S. Let x = Fy, and let u(t) = 

"b 

/ G-( t, s)y(s)ds, t G J* Using basic properties of F 
a 

together with LemmaU.^, we get x, u G h'^(J) and 2)^( t)(x-u) = 
t(x^u) =0. Thus x-u G ^(T^Ct)). Hence there exist real 
constants c^»Cp,.,.,c^ such that 

n 

X = i c 4 + U , (5.4.3) 

3=1 ^ ^ 


Since x 6 H (T;2.^'^ )T, we have (x,^^) = 0, i=l,...,n. Thus 
from (5.4.3), we get 

CjSji^ = --(u,<|)j^), i_l,2,...,n» (5.4.4) 

On the other hand, 

b t 

(u,<l'.) = / (/ G(t,s)y(s)ds)')>^(t)dt 

a a 

b t 

= / / &( t,s)y(s) ^j^(t)ds dt 

a a 

b b 

= / / Gr( t,s)y(s) <)>;5 (t)dt ds (by Fubini’s theorem) 
b b 

= f y(s) (/ G(t,s)4'. (t)dt)ds 

a s 

b 

= _ / y(s) >l<.(s)ds (by (5.4,2)) 
a 

~ ~ ('t'^jy) • (5.4.5) 

Thus, from (5,4.3), (5,4,4) and (5,4,5), we get the required 
representation. This completes the proof of the theorem. 



95 


Let K( . be the function defined on the square 


J X J by 


i Z + G-(t,s) for a<s<t<b, 


K(t,s) = 


? i=l 


2 ^ (t) </» (s) 

i=l 1 1 


(5.4.6) 


for a<t<s<b . 


We note that the function K(.,s) is continuous together 
with all its derivatives upto order (ru-2) on J, while 

--- is discontinuous at t = s with the jump given by 
at"^ 

_ 3.”".Vs-0^s) = 1 . 

8t”-l 

We now state a corollary of theorem 5.2, 


COROgimj. Ihe right inverse operator F has an integral 


representation given by 


(f'y)(t) = / K(t,s)y(s), t e J 


(5.4.7) 


for all yes. 


Proof of the corollary follows from (5,4,6) and 
the orem 5 .2 , 


Let K (...) be the function defined on J x J by 
m 

m b 

K^(t,s) = K(t,s) - _2 ( / K(t, 5 ) a(0<i5)“i(s), a<t,s<b, 

i=l a 

(5.4.8) 
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8 \ 

We notice that ^ i - ©^•••jn are sq.uare-integrable 

.'b a\ (.,s) 2 

on J X J, while the functions f ds, 1=0,1,... 


a av 


are continuous on J • 


The following theorem gives an integral representation 

for 

- 5 *5 . The linear operator P(I-P^) has an integral 
representation given hy 

^h 

(]?(I— P )x)(t) z= J K (t,s)x(s)ds, t G J (5*4»9) 

a ^ 

for all X £ S . 

Proof of the above theorem is analogous to the proof of 
theorem 1.3 and can be verified easily. 

5.5. SPACE I aPERilTORS OERTAH'I INTEGRalL 

REPRESEUTATIOR POR H 

k * 

Let us consider the Banach space S R with the 
product topology* We denote by 

I = S X R^. 

For clj^arity, the identity operator on Y is denoted by I 
and the norm on Y is denoted by j j .j 

We define the operator L:D(L) -* Y as follows: 


D(L) = D(l3^(T)) = b“(J) 
bcc = (T^(T)x,0) 

V 

where ’0’ is the zero element of R . 


(5.5 .1) 


n~l 
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Since ^ closed linear operator and R(1^(t)) = S, 

we have 

(i) ]}(l) = H^(J) is dense in S . 

(ii) h(l) = Sx {Q} where ’o' is the zero element of 

(iii) 1 is a closed linear operator, 

(iv) 11(1) = 1 T( 13 _(t)). 

Moreover, Ij Ep^(J) A is a one— to— one closed linear operator 
having the same range as 1* let H denote the inverse of 
this operator: 

1 . 

(5.5.2) 


X 2 . 

H =(1|D(1) nE(l ) ) . 


We notice that R(L) is closed in T, Therefore, by the 
closed graph theorem, H is a one-to-one continuous linear 
operator. Clearly, h(H) = R(Ii) = Sx {o} and R(H) = 
D(l)nN(lf’ = H^(J)nR(T^(T)f'. Moreover, 

IHy = y for all yGSx {0} = R(l) * 


(5.5.3) 


and 


n 


HLcx = X — 2 (x, (}). )|z for all x G H^(J ) = D(Ii) . 

i=l ^ 

(5,5.4) 

Thus H is the right inverse of L. 

We notice that if y = (z,0) G R(h) = S x {0} , then 
the function u given by 


u(t) = / &(t,s)z(s)ds, t G J 

a 

belong to h'^(J) and Lu = (T^(t)u,o) = ( 2 , 0 ) = y. 


(5.5.5) 
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We now prove the following theorem. 

5.4. let y = (z,0) G R(l) . Then Hy has the 
representation given by 

n t 

(Hy)(t) = 2 z) + / G(t,s)z(s)ds, tel 

i=l ^ ^ a 


(5.5.6) 


where 'l>j^s are given by (5.4.2), 

Prj)ofj Take y = (z,0) G R(R) * Ret x = Hy and 


t 

u(t) = / G-(t,s)z(s)ds, t G J. Then we get l(x-u.) = 0 . 

a 

Hence x^u G H(l) = H(T^(t)). Therefore there exist real 
constants such that 

n 

X = u + 2 c . iji . . 

i=l ^ ^ 

Then proceeding similarly as in the proof of theorem 5.2, 
we get the req.uired representation. Thus the proof is 
completed, 

RMiEIi. From the representation ( 5,5,6 )» we have 


Hy = Fz 


(5,5.7) 


where y = (z,0) G R(R) . 

5.6. PROJEOTION P^ Ml CERTAIN RElATIONS MYOlVING L,H,P^,(^ 
Ml CERTAIN INTEGRAL REPRESENTATION FOR H(I-P ) 

HI 

For m > 1, let us define the sequence of projections 

{P } on Y as follows 1 
m 


iiyi I 




P^y= (P^i 2 ,a) for all y = (z,a) e I. (5.6.1) 

We notice the following properties s 

(i) Pj^ is a continuous linear operator defined on all of Y. 

(ii) ^(P^^) = < “i, > X R . 

(iii) The range, of .I-Pjj^ is a subset of R(l). 

(iv) H(I-Pjj^) is a continuous linear operator defined on 
all of Y. 


We now prove the following theorem. 

THEORBI 5.5. The following relations are validj 


(i) 

H(i-Pj|j)Lx = (I-Q„)x 

for all 

X G 1(1) 

(ii) 


for all 

y G Y. 

(iii) 

lQ„x = 

for all 

X G 1(1) 

(iv) 

Q^H(i-P„)y = 0 

for all 

y G Y. 

Prp_pf ! 

(i) Talre x G P(l) • 

Then 



lx = (T^(t)x,0) 

• 



Therefore, 

Hence 


H(I-P^)Lx= H((I-P^) T^(t)x,0) 

= P(I-PJ T^(t)x (by (5.5.7)) 

= (I-Q^)x (by theorem 5.1(i)) . 



•^uu 


(ii) Take y e I. Since G R(L) and H is the 

right inverse of 1, we have 

= (i-Pjjj)y. 

(iii) Sake X G DtP). Ihen 

LQ^x = (Ti(t)Qjj^x,0) 

“ (Pjj^Ti( t)x,0) (hy theorem 5,l(iii)) 

= t)x,0) 

= P_ IiX. 
m 

(iv) Take y = (zj^) e Y. Then 

= (Ijy (5.5.7)) 

= 0 Cby theorem 5.1(iv)). 

Thus the proof of theorem is ccmpleted. 

The next theorem gives an integral representation for 

TiffipIlM 5.6* The linear operator has an integral 

representation given hy 

h 

(H(I-Pj^)y)(t) = / K^(t,s) 2 (s)ds 

for all y = (z,cc) G Y where K^(.,.) is the function defined 
in (5.4.8). 



lol 

Proof; Taice y = (z;,a) G Y. Then 

(i-im)y = ((i-.Pj^)z,o). 

Then hy (5.5.7), we hai/e 

= (5.6.2) 

Now, the theorem 5,3 yields the required representation. 

Thus the proof of the theorem is completed, 

5,7, EXISTENTIAL iNALlSIS 

In this section we follow the notations of earlier 
sections of the chapter and develop an existential theory 
for the nonlinear MPBtP (5,1,5)— (5 .1 ,6) • Towards this end, 

we denote hy 

f = v(f^,fg, , . . ,fj^) (5,7,1) 

where f^,,.,,fj^, h < n, are the functions defined hy (5,1;3) 
and .-v is a sufficiently small positive real number. 

We solve the equation 

Lx = (Nx, f(x)) (5,7,2) 

where L is defined hy (5,5,1) and N is defined hy (5.1.2) 
If the equation (5,7,2) has a solution, then the equation 

x, 0) = (Nx, f(x)) 

has a solution which readily implies that the MSBYS (5,1,5)- 
(5,1,6) has a solution, Por simplicity, we denote hy 
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Nx = (ITx, f(x)) (5.7.3) 

Then eq.uatiQn (2,7.2) can he rewritten as follcwss 

Lx = iix. (5.7.4) 

i nequal ities^ Fran inequality (5.1.1), as shown in 
section 2,2, we have 


t - Nrj I < 1 1 jx-yl I 1 

for all x,y G L(N) where j [ 1 •! | 1 is the norm on 
H^“^(J). 


(5.7k5) 


We define 


and 


n-2 h dt(t,s) p -i/p 

[1.2 (sup / (-- •£ ) ds)^/^[] 

^ i=0 t e J a at 

h h (t,s) p ^ 

+(/ f ('■•■jir ) as (5.7.6) 

a a 9t 


h ^ ( t , s ) p -! /p 

Q ^ max { sup / ds) ' (5.7.7) 


i=0, . .,n-l t e J a 9t' 
where K^(,,,) is the function defined by (5.4.8). 

As we saw in section 2.2, we have both 0^ and 0^-0 


as m -+ «, and 


II / K^(.,s)x(s)dsl I I < (5.7,8) 


and 


u( / K^(.,s)x(s)ds) < 0^ Hx| 


m 


(5.7.9) 


for all X G S. 


> 
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Definj.tion of sets V and S^s 

*1 

Let us consider the Banach space h”^"* (J). We note 
that bP'“^(J) is a linear manifold of We rememher 

that p on H ”■ (J) is given by 

y(x) = max ( max sup [x^^^(t){, ess. sup lx^^^^(t}}) 

i=:0 5 • • jil— 2 "fc G J i/ G J 

for all xe H^’'^(J). 

We consider the m+n- dimensional space given by 

o 

(5*3.4), Clearly, Cl choose x^6 

such iiha’b 6 = li(x)<E. where E. = min R- # Here 

° i=0,...J-n-l 

R^s are the constants in assumption (ii) of section 5,1, 

let z = Rd-P )lTx • and let e and e be real constants 
o m' o 

such that 

lli^olll 1® (5.7.10) 

let c,d, r and R be real numbers such that 
0<c<d, 0<r<R, c 4 -e<d, R+p<R, and r+e < R, (5.7,11) 

! 

Ihe sets Y and S in (J ) are defined as followss ! 

0 ' I 

f 

V = ' {x e S^J i I 1 1 < c» V (x-x^) < r } , (5.7.12) j 

and ■ . I 

{X e iP'^(J)i I I |x-XqH [ < d, y(x-x^) <R} ,( 5 , 7 . 13 ) I 

Clearly, x^ 0 Y CIS^ C: D(R) . Moreover,. Y and are 

n— i 

closed, bounded and convex subsets of H (1). Also, Y is i 
a closed and bounded subset of S (see the section 2,3). 
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Opera tor T, and sets A(x*) a nd A and cer t am reduct ion; 

li'or each x* 6 V, let 1 he the operator on defined 
by 

Tx = X* + ix, x e S^. (5.7.14) 

By (5.7.3)- and (5.6.2), (5.7,14) can be written as 

lx = X* + P(I-P^)lTx. (5.7.15) 

Ihus 1 is well defined on S^. We note that every fixed 
point of 1 belong to, J)(iT). 

Por each x* G V, the set A(x*) is defined by 

A(x*) = {x e S^i x= lx} . (5.7.16) 

We denote by 

A= U A(x*). (5.7.17) 

x*GV 

Suppose A(x*) is non-empty, Ihen there exists x G such that 
X = lx = x*+H (I-Pjjj)lJx. 

Clearly, x G ©(b) ly Iheorem 5.5(i-v) we have 

0^ x= X*. 

Iherefore, Lx = L(,3^x + LH(I-P^) lx. 

Using parts (ii) and (iii) of theorem 5.5, we get 

Lx - ix = P^ (lx - ix). (5.7.18) 

Hence, x G is a solution of (5,1.5) - (5,1,6) if 

P^(lx-lx) = 0 . 

Ii 


(5.7.19) 
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Equation (5.7.19) is called the hifuJioation equation of order m. 
We notice that if A is non-empty, then Ix-Ex = 
on A. 

The following theorem gi-ves that Ix-fx = P^(Iix-Sfx) on A. 

T HEORM 5.7. Let the assumptions (i) — (iv) of section 5,1 
and conditions (5,7, lo) and (5,7,11) be satisfied. Let *m’ 
be sufficiently large such that 

e^ko< c+e < (l-e^k^)d and r+e < ^6jj^ k^d. (5.7.20) 

Then for each x* 0 V the set A(x*) is singleton. Moreover, 
Lx - Lx = Pjj^(Lxr-Lx) on the set A. 

If we take the expression (5,7.15) for T, then the proof 
of the theorem is similar to the proof of theorem 2,2 and can 
be proved easily. 

By Theorem 5,7, the original ICPBtP (5,l,5)-(5 ,1,6) is 
reduced to the equivalent bifulfetion equation (5,7,19), In 
the rest of the chapter, we solve the bifuaotion equation 

(5.7.I9). 

Solution ^f_ J^e_ b if uuf^t i^on ejquat i on: 

Throughout this section the conditions of Theorem 5,7 
and assumption (v) of Section 5,1 are assumed to be valid. 

By Theorem 5,7, we know that for each x* G 7 the set A(x*) 
is singleton. let A(x*) = x. Thus for each x* G 7 there 
exists a unique element x G A such that 
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X = lx = X* + H(I _ P^) ix 
= X* + P(I - P^) IJx. 

As we did in section 2.7, we can show that x -vary with x* 
continuously in Under the hypothesis of theorem 5.7, 

let r : V - U(I) n' he the continuous operator defined hy 
r(x*) = X where x is the unique element in which is a 
fixed point of the operator T corresponding to x*. We note 
that P^(lrx* - Urx*) is an operator mapping V into the suhspace 
< ^ of the space Y. 

We now state the following lemma, 

laftlA 5.1 . Suppose the assumptions of theorem 5.7 are satisfied, 
let {s:^} h® any -sequence contained in V, Suppose { 2 ^ } converges 
to X* in the topology of S. Then the sequence { rx* } converges 
to rx* in the topology of 

Proof of the above lemma is similar to the proof of 
lemma 2', 4 and can be verified easily. 

We need the follcwing lemma for our discussions, 

lEtMA 5.2 , let the assumptions of theorem 5.7 be valid. 

Suppose X* and y* 6 V. Ihen 

u (rx* - ry*) < u(x*_y*) + I |.jrx*-ry*H I . (5.7,21) 

P r oof : By theorem 5.7, we have 

rx* / ^ht* = X* + H(i - p^) urx* 

and 

ry* ^ ^ = j* ^ H(I - P^) Ery*. 
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We also have 

rx* = X* + PCI - p^) nrx* 

and 

ry* = y* + P(I - P^) hry* (see (5.7.15)). 

Therefore, 

y(rx*-ry*) < vi(x*-y*) + y (P(I-P^)(Irx*-.lfry*)) 

= y(x*-y^) + y(/ IC( •,s)[3 (irx -Nry*)(s) ^ ds) 
a 

(hy (5.4.9)) 

< y (x*-y*) + I |Nrx*_lfry*| I (by (5.7.9)) 

< y(x*-y*) + I irx*-ry*j | | (by (5.7.5)). 

This completes the proof of the lemma. 

The next theorem is an immediate conse quence of theorem 5,7, 

TlMDRiM 5.8 , Let assumptions of theorem 5,7 be valid. If there 
exists an element x* G V such that 

Pjj^(Lrx* ,, irx*) = 0, (5,7.22) 

then the element x = rx* is a solution of the MPB7P (5,1,5) - 
(5.1.6). Furthermore, Q^x = x*, | | |x-x*j j j < d, y(x-XQ) < R. 

In theorem 5. 8, the problem of solving (5.1.5) - (5.1.6) has 
been reduced to the problem of solving the equation (5.7,22), 
Below, we solve the equation (5,7.22) under certain additional 
assumptions. 
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Let If*: L(L) A Sq — “i » • • • ^ be the operator 


defined by 


- Pj^(Lx - Nx) 


(5.7.23) 


for all X G I)(i) n S^. 


We note that V CZD(L) A S^. Let x* and y* G V, Then 

il^rx* - ipry^ = Pj^(Lrx* - Lry* - irx* + fry*) 

= Pjj^(Ti(T)(rx*-ry*)-Nrx*+iiry*,-f(rx*)+f(ry*)) 

(by (5.5,1) and (5,7.3)) 


= (Pu^[:Ti(T)(rx*-ry*) -iTrx*+h-ry*3, 

- f(rx*) + f(ry*)) 

(by the definition of Pjj^)* 


Therefore f 


I (.f rx*_try*| = | lj^(T)(rx*_ry*)-Ilrx*+Hry*Il | 

+ lf(rx*) - f(ry*) 


m 


<11.2 (T^(T)(rx-ry*), 0 )^) 03^11 

1— 1 

+ lllirx* - Nry*li + if(rx*) - f(ry*)| 

(by triangle and Bessel’s inequalities) 


m 


II L (rx*-ry*,T (x*) ) « I l+l l2Jrx*-lry*l 1 

i=l ^ j- X 


+ |f(rx*) - fCry*)| 
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m 


- i!i “ill + i"oiii’'^*-''y' 

+ |£(rx*) - f(ry*)| 

(by Schv/artz inequality and relation (5* 7,5)) 

Dl 

< (1 “iH+ko)l||rx*-ry*|ll + lf(rx*)-f(ry )j 


i;=l 


(since j j . j | < 1 1 j • 1 t | ) 


m 


< (.2 ||1o(t*) “il|+ko)lltr2^*--ry* 

J -1. 


+ v(! |fi(rx*) - f.(ry*)l®)^/® 


3=1 ■ 3' ' 3 

(see (5.7.1)). 

But by the assumpticai (v) of section '5.1, we have 
V( £ lf.(rx*) _ f.(ry*)|®)^/® 

3«1 ^ 


< v( Z max 

j=l J i= 0 ,...,n-l t e J 

= v( E ii^)V2 - ry^) . 

3=1 3 


sup l(rx*)(i 0 (ry»)(i)|) 


(5.7.24) 


Ihus under the assumptions of theorem 5,7 and assumption (y) 

of section 5,1, v/e have 
„ m 

lH.rx*-4ry*ll^ < ( £ j + tp 1 1 jrx* - ry*' 

Ju— 1 


+ V( E £-) 

3=1 2 


2.1/Z 


tJ(rx'*l^y*), 



Yife also know that if x* converges to y* in the topology of S, 
then X* converges to y* in the topology of H (J). Hence, hy 
lemma 5.1 and lemma 5.2, it readily follows that j |•^^»^x*-^^/^y [ 
as X* converges to y* in the topology of S. Thus 

: V oS - <0)^, ^ 

is continuous. 

Similarly, we can show that 

4' : V Cl S -* < X 

is continuous. . 

Ji 2 .s 0 f by (5*7.23), the eq^uation (5.7.22) can be rewritten 
as 

^-rx* =0. (5.7.25) 

Since r is defined implicitly, the existence of a solution 

of f rx* = 0 is better studied through the operator t restricted 

to V. 

The following lemma relates these two operators. 

IMMA 5.3 i let the assumptions of section 5.1 and conditions 
(5,7.l0) and (5.7.11) be satisfied. Suppose the relations 
(5.7.20 ) are valid. Then for each x* G V v/e have 
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Proof s Suppose x* e V. let x = rx*. Then x G 0 S^, 

X = X* and ^ 111 ^ = ^111 So 

i/'Tx* - tj;x* = Pjj^(ix* - Nrx*) 

= (PjjjCllx* - ifrx*) , f (x*) - f (rx*)). 

Hence , 

I Jt^rx*-,!, x*j ly < I lHx*-Hix*l 1 + If(x*) - f(rx*)l 

< ICq I I jx* - rx*| j I + jf(x*) - f(rx*) 

(by (5.7.5)) 
k 

< ]!:„ I 1 |x*_re*| I: + v( S ;.(x» - rx*) 

- o I 1 I 3 

(similar to (5.7.24)), (5.7,27) 


But, 

rx* - X* = P(I - Pjj^) Nrx* (see (5.7.15)) 

= P(Mjj^)(Nrx* - Hx^) + Zq 

b 

= / i:^( .,s)((HIX*)(s)-(NXq)(s)) ds + z^. 
Q, 


Therefore, 

ilirx*-x*ll| < 111/ K ( •,s)((Hrx*)(s)-.(HxQ)(s)) ds j | j + l 1 j z^l 1 1 

a 

< I lirx* - HXqII + e (by (5.7.8) and (5.7.10)) 

i Qm ^0 n i 1 * ® (5.7.5)) 

< ©m ^o ® 


(by (5.7.13)). (5.7.28) 



Also, 

u (rx*~x*) < y(/ Kj^(‘,s)((]lrx*)(s)-(Kx^)(s))ls) + y(z^) 

Q, 

< I jlrx*_ 1x^11 + e (by (5.7.9) and (5.7.10)) 

< ©m ^0 I I - ^oi i I + ® (5.7.5)) 

< d + e (by (5.7.13))., (5.7.29) 


Therefore, from (5.7.27), (5.7.28) and (5.7.29), we get 



This completes the proof of the lemma. 


We use the above lemma to determine the conditions on 
T/»|y which guarantee that the equation (5.7.25) is solvable. 
Since ^ and both restricted to V map a finite-dimensional 
space into another finite-dimensional space, we shall define 
a map which takes one coefficient space into the other. 

Por the above said purpose, v/e apply the Gram-Schmidt 
process to the elements to obtain orthonormal 

elements ^q»***j^j^* m = n + m., and let m = m+k. We 

remember that k < n is the number boundary conditions, let 
E be a copy of Euclidean m-space where we represent each point 
5 G E^ as an m-tuple j g = (b^, ...,b^, c^,...,c^). Also, 
let e’^ be a copy of Euclidean m-space where we represent each 
point V e E^ as an m-tuple ; v= (u^,,..,u^, a^,,..,a^). 


-LXi> 


We define two operators 

- Sq and - B® ty 

n m 

= lil * ifi “l "i 

(5.7.30) 

and 

m 

r2(_2^ u.j_ a^, . . . ,0^). (5. 7.31) 

Clearly, and are isomorphisms, let 5^ G E™ be the element 
with ^3_(5 q) = Xq, and let 7 * E^ -♦ E^ be the operator defined by 

7 = Fg i|) (5.7.32) 

Let us choose a number e > 0 such that the set 

U = { g e b“ s 1 C- 5ol 1 ® > (5.7.33) 

is mapped by into the set ¥. The existence of such e is not 
difficult to show (see appendix 3). Under the hypothesis of 
theorem 5.7 and assumption (v) of section 5.1, we observe that 
Fg t F j^ and Fg f TF^ map the ball U C E^ continuously into e’^. 
This is used in the following theorems to establish the 
existence of a solution to the equation (5,7.25). 

THEORM 5.9 . Suppose 7(g^) = 0 and the following conditions 
are satisfied : 

(i) The map 'y has first order continuous partial derivatives 
in the interior of U. 

(ii) The Jacobian matrix for 7 has rarik: m at 
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Then there exists a number 6 > 0 and a continuous map a 
such that the set 

n = {V e S 1^1 <6} (5,7,34) 

is a subset of 7(u) and A r n U with fA (u) = u for all 

u e 

Eor a proof of the lemma see the reference given for the 
proof of theorem 0.2. 

THBOR M 5.10 . Let the assumptions of section 5.1 and 
conditions (5,7,l0) and (5.7.11) be satisfied. Suppose the 
relations (5,7.2o) are valid, let the assumptions of theorem 5.9 
be valid and let 

^o^®m ^o ^ + ®) + d + e) < 6 . 

where 6 is the number in (5.7,34), Then there exists an x* G Y 
such that ^ rx* = 0. Moreover, x = rx* is a solution of the 

original MPBtP (5,1.5) - (5,1.6). Also, x = x*, j { |x-.x^| j j < d 
and u(x-^q) < R, 

Proof ! let us consider the map Tg S^, 

V G £2 and let x* = A(v), Then x* G V and ^ x* = 

Tg Tp A (v) = V. Moreover, 

jPg ij) rr^A( v) - vj = [Pg pp^ a(v) - Pg x*j 

= |Pg ip Px* - Tg ’I' x*[ . 


Taie 
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But, 

- 'I'x 


. „ oc ) for some 

( w^, •••■>%_) 


i^l 


m 

(U^,...,u^, a^,....,c^) e B . 


Therefore , 


Ifgt rx* - r 2*>*l = ^^'"l +•••■""» 


2 .2 


4. OC ^ + t ♦ • ^ 

2 , 1/2 


2 , 1/2 


a and h) 

_ I jij»rx* - 1 y • 


Hence , 


|rgt rr^A(Y) - y1 < 1 I^-k* - It 


\ / V ') (0k ‘^+® ) 

< V (e k d+e)+v( E ^.) vOja o 

i •‘^o^ m o j -1 3 


o 

(Jby lemma 5 * 3 ) 


< b 


Thus 


lr„* rr^AlY) - < 6 for v 6 


"a. 


A % M li^ we have d(rp I' S 2 , O) 

Hence hy theorem 0.3 (xii) 2 n v f fl 

n Civ') there exists an elemen 

Tl^erelore W tloeoram 0.3 (xy) 

I TV aCv') = 0 . Setting x = r^Alv;, 
such that Rfti - ix* is a 

e V and .r.- = 0 . Obviously, loy theorem 5 . 8 , - 

^ ^ kn C 5 . 1 . 6 '). moreover, 

solution of the original «BTP ( 5 . 1 . 5 ) - ( 5 . 1 . ) 
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^ -¥• *• A 

X = 5c , Since x G S^^, we clearly have | j |x-XQ| j[ < d and 

p(x-Xq) < R. 

RBJARIC 5.1 . As mentioned in remarlc 2.1, if X is of the form 


X(t,XQ, . . . ,x^) where q < n~l, then from our analysis of this 
chapter we observe that it is enough to consider the space h'^(J), 
In this case, 1 j | •! | | will be the corresponding norm on 
Also, the quantities and are to be defined subsequently. 
Actually, 0^^^ and takes the following form i 


q-1 

0 = V’b-a ( 2. ( sup 

^ n=0 t G J 


/ . ) ds) / 

a 6t 



+ (J J (• ‘o' 
a a dt^ 


ds dt)^/^ 


, a"' Ka ^ ,1/2 

0„ = max ( sup J ) ds) ^ . 

i=0, »..,q t G J a dt 

Also, in the case p will be the corresponding function on 

RE^OBjC 5,2 , Prom our analysis, it is also clear that there is 
no need of an infinite sequence of projections. Indeed,what we 
need is that ’m’ should be sufficiently large such that the 
conditions of theorem 5.7 are satisfied, 

5 .8. M IlIUSTRATItE EXAfelPlE 

We make use of the theory developed in the earlier 
sections of this chapter and prove the existence of a solution 
to the following second-order nonlinear differential equation 
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with nonlinear three-point boundary conditions : 

3 


(2 ) X' 

x^ ^ + X = ^ , 




h (x(0) + x(2n;))^ + x(ii) = 0 


over the interval J = \2o,2%’2» 
let Tx = x^^^ + X. 

As usual, the operator is defined as follows s 

I)(1^(t)) •» = TX = x^^^ + X. . 

Clearly, the adjoint of note that 

D(1q(t*)) = H^(l) and 3)Q(T*)y = y^^^ + y. We can check that 

the functions and given by <}^(t) = ? and ^gCt) = 

*y TZ |TC 

form an orthonormal basis for ir(!I}^(T))* Then 


det ${t)=i 


W^(t) = ' 


ops 

t 

sjn^ 

Y% 



sj^ 

t 

c os_ t 

Yt^ 


fn 

0 


sin ;fc 



' 1 


cos t 

X 


Yn 


1 / 2 . ■ 2 .. 1 

' = — (cos t + sin t) = — , 

m ^ ^ IE ’ 


WgCt) = 


■ 5.°®- i 

t 

< s in t 

!“ y% ' ' 

I 


0 


sin t 
'fm" ’ 


cos t 


f-n; 
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therefore ^ 

&(t,s) 


2 Wj_(s) 

det $(sj 


_ / _Gqs t sin s ^ £iS..X.cos^ S\ ^ 

^ TE ' % ^ 


= sin t cos s - cos t sin s, 


Determi»^^^°^ ’^1 * 


(5.8.2) 


have 


2 % 

= - / 'J'i(s) G(s,t) ds 

t 

271 QQg g 

= -/ ' r' ’ — (cos t sin s - cos s sin t) ds, 

t 1/7'; 


■ -COS t (cos 2t-l) - sin t (47t-2t_sin 2t) j. 


Elemen'fc^^y integration yields that 

1 

4)f7t i- 

We also have 

27E 

#g(t) = - / &(s,t) ds 

i/ 


_ s^in^ s 

t 


cos t sin s - cos s sin t ? ds. 


Again? elementary integration yields that 
1 r* 

^ (t) = - • — ^ . cos t(4%-2t+sin2t)+sint( 1-cos 2t) * 
S 4:'fn 

jjgjg^mination of _K(_t_,s)_ : 

Yfe 
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2 ^As) 

i^l ^ 


0 0 S ‘ 

” 4 ^*' ® (cos 2s - 1) - sin s (47c-2s-sin 2s) ) 


s in t 
l-n;' 


; cos s(47i - 2s + sin 2s)+sin s(l-cos 2s) ■ , 


Simple calculatioji yields that 


Z ‘J>^ (t) t|;^. (s) = - ■ (2s sin s- 471: sin s) cos t 


i=l 


Therefore, 


+ (2 sin s-2s cos s+4% cos s)sin t 




K(t,s) = 


1 r 


(s sin s - S-jt sin s) cos t 

+ (sin s - s cos s + 2% cos s) sin t i 

+ sin t cos s - cos t sin s,0 < s < t ^ 2%^ 

(5.8.3) 

(s sin s - 271 sin s) cos t 


I “ 2 % : 

\ 

\ + (sin s - s cos s + 271 cos s) sin t • 


0 < t < s < 271. 


Let the function he defined hy 

1 


U) 


l(1=) = 




(cos 2t - cos 4t). 


(5.8.4) 


We notice that G D(Tq(t'*)), Clearly, is a normalized iTector, 
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The projection is defined by 
p X = (X, 01^) 0)^. 


(5.8.5) 


Determination of K^(t,s) J 
We have 

Stc \ 

Ki(t,s) = K(t,s) - |^((/ E(t.O(=os 21-oos H)ii) 

-L O 

(cos 2s - cos 4s)). 


But, elementary integration yields that 


2 ir /COS 4t cos 2ts 

f K(t,s)(cos 2S-COS 4s)ds - (- 15 3 

o (we use the expression (5.8.3) for K(t,s)) 


Hence , 


1 


(s sin s 


- 2 tc sin s)cos t+(sin s-s cos s 

+ 2% cos s) sin t 


K^(t,s) = 



.cos 4t cos 2tv / 2S-C0S 4s) ^ 

* (- “ 3 ^ ^ 

+ sin t cos s-cos t sin s,0 < s < t < 2te, 

(5.8.6) 

(s sin 3-211 sin s)cos t+(sin s-s cos s 

+ 2% cos s) sin t 

. —t- 

.cos 4t cos Pt'. ( QQg 2 s-cos 4s) ' » 

+ ('"15 " - S' ^ ^ - 


0 < t < s < 2 it. 
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Determinati.on of and 9^ : 

After' elementary and lengthy integrations, we get 


. t^ t Tt 1 t Sin 2 t sin 2 t 
/ Ki(t,s) ds = 5^ - ^ ^ — 4 ,, -*-4- 

0 


„ ^ t e J. (5.8.7) 


Since 


< i__ >. < -i ower the interval f” 0 , 2 % T and 

4% - 4% ’ ^ ^ 

/COS 4 t cos 2 tx 2 

^'- 3 ' ‘) i 0 » 

we have 


ST! 2 t^ t % 1 t 1 

/ K4(t,s) ds < ^ ^ ^ + 5;^ + 4 . 

o 


(5.8.8) 


de-b a(^) = 


(5,8.9) 


Then a(0) = f + 1 “ 5i » “<2%) = f - ^ ^ 


(l)/a.\ t 11 

Moreover, 

Ihe point t = is a solution of a^^^(t) = 0. 


, ,27i:-1>. % . 1 TC 3 

But, a(- ■ ^- ) = ^ + ^ - - Y6% * 

/ 4 . \ % 3 1 / 649 7 

Therefore, sup =‘ ^ “ 8^ i 3'69'S 

t G (^j2iy 


(5.8.10) 
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Hence, from (5.8.8), (5.8.9) and (5,8.l0), we get 


( /"KiCt.s)^ ds)^/® <(§g-M/^^< 1.33. (6.8.11) 

s e [p,2Tt] 0 


Differentiating the expression (5.8.6) with respect to t, we get 


1 

^ -(s sin s-Sic sin s)sin t+(sin s-s cos s 

' + 2% cos s)cos t 

4 2 4 "" 

, " TB 4:t)(cos 2s-cos 4s) ? 


dKi(t,s) 

a'ij'”' 


1 


+ cos t cos s + sin t sin s,0 < s < t ^ 2%^ 

(5.8.12) 


- '-(s sin s~2ic sin s)sjLn t+(sin s-scos s 

+ 2% cos s) cos t 


\ 


2 4 

+ (^ sin 2t _ sin 4t)(cos 2s-cos 4s) 

0< t< s< 271 , 


After elementary and lengthy integrations, we get 


2Tt dK.i(t,s) o 

s o 'is = ^ _ ^ + ^ + - 


t t 7t 3 j. cos 2t sin 2t t sin 2t 


+ * 


4 


47C 


1 (2 sin 2t 
'3 


4 sin 4ts2 + „ t 

'I's ' ‘ } j t e J. 


(5.8.13) 
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Since 


oosji < ^ < I i h 


- ■ ,2 sin 2t __ > 0 for t G 

interval [lOj S-nj and ro ■" 


we get 


2% 6 K.(t,s) 2 

' / -*- A 


/ ( 


t % 3 1_ . i . (5.8.14) 

Jd _t- « 4- •!=-“ -f + A ^ A'rr ^ ' 


bt' 


<!-_§ + § + ^ + ^ + 4 - 47. 


Let 


p(t) + i + 


(5.8.15) 


Y/e have ■ 

P(0) = andp(2it) = 1 + |; + l • 


More over. 


1 1 


H ^ 47E • 

‘’"•A is a root of 


The point t = ^2 
Gaiculat ing , we ge t 


^ I + I - I 4- . 


Hence , 


3 73 79 

sup §('t)= 5 + ^+1= 369^ 
t e[p,2|] 


(5.8.16) 


Therefore, from (5.8.14), (5.8.16) and (5.8.16), we get 

2. 6Ki(t,e) o 1/8 < 1.45. 

(sup J l-gt’ ^ 

t e [p,2l3 o 


(5.8.17) 



124 


Also, simple integration of (5.8.15) yields that 

as at)V2 = (f! * §11)'-/" < 2.25. (5.8.18) 


0 0 


5'rom ( 


(5.8.11) and (5.8.18), we get 


O 1/9 2n 2n; dK^(t,s) O _ 

^ /)«'iV^+r r / (% 4 .- ' ) ds dt) 


e ( sup / Ki(t,s) ds) / +(/ / (at 

^ t G Co»2€] ° 

< (Y^ X 1.33) + 2.25 < 3.34 + 2.25 = 5.59. 


Therefore 


(5.8.19) 


0^ < 5.59. 

Also, from (3.8.11) and (3.8.17), we get 

„ ' Zlt 6Ki(t,s) 2 

e, = me. 


da)V2) 




< max (1.33, 1.43) - 1.43. 


Therefore , 


9^ < 1.43. 

Here S(t,x,x^^h = therefore, (Kx)(t) = 


(5.8.20) 

2 


TeQce m = 1« 


V/e show that is given by 

, , , ^ . 1 / cos 4t 

■ (Hti5^)(t) = — (-^5 

)|2n; 


cos 2t 
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Normalizing the vector we get 

15 /COS 4t cos 2t ^ _ 
n. = ‘ 3 ^ 


We have 

S 


0 


^£ps ( *.1 ‘ ^ 

~ T'n: * Yn Y^6n 


3 ^ 


The functions s 


E" 


So» 


To J < 2 ( .) - 

2 YH 


4 ( .) > >< R 


E" 


are given "by 


cos Ui + Ste t-J 


V ww*-' V ^ _i , t n ^ 


15 /COS 4(.) 2(,)y 

+ C- - 15 - 3 

Y^ 6 ii 

(hl,'b 2 >®l) ® B > 


and 


j. . (COS 2 CO a^,a2^ (U3^,a3^,a2 ) , 

2 ^ 1 fSn 


We notice that m = m = 3. 

Let (h^jhg’^l^ ® consider 

N - COS ( *3 in C * ^ 

rj_(i,i,bg,o^) = b^ “Vt "■ 2 


+ C-- 


15 /COS 4( .), _ 
■ A- 15 


■\|26ti 


COS 2( 
3 ■ 
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For simplicity, we denote by 


and 


5 = (b^,b2,c^), 

V := (X^j ^ 2 ) 


Then 


rp (' 'I r Cc) - 0 ^ — (cos 2 (.) - cos 4 (.)). 
1i(t) ^1(0 - °1 YSI^ 


_ , ^ r /fl o -i§_ (oos 2(.) - cos 4(.)). (5.8.21) 

Hence, Pi Ti(') ri(«) = <=1 ^ I 

Also, after elementary and lengthy calculations, we get 


1 ,• _ -®. h? c, - - -^1. 5^01 . -1 

^ 2fl3 


^ " 47c(iJ 52^15 ^ 2Y1^ 


1 

— 


(cos 2(.) - cos 4(.)))» 


( 5 . 8 . 22 ) 


From (5.8.21) and (5.8.22), we get 


- "S c, . =1 t 5i 


Pl(Il(T) rj^(«) - H flCf)) = ^521^ 1 2fI3 


2 T -^^ 2 ^ ; _i..(cos 2 (.)-cos 4 (.)). 

2 Y 13 ^ -j tn 

( 5 . 8 . 23 ) 

(l)i 


we talce fi(x) = | (x^^)(0) ^ ^ ^^ic) _ 0 


and 


fp(x) = I (x(0) + I(2t))® + =^(t) = 0. 


Then, simple calculation yields that 
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(5.8.24) 




3 '1 ^ 


(5.8.25) 


Here , we have 


I« = (Ti(T)x,0,0)'and » = (f- > flCx), fgCx))- 

Also, 

4.x = (Pi(Ii(t)x - l^x), -fi(x), -f^Cx))* 

/P. « P'^'i (5.8.24) and (5.8.25), we get 

Therefore, from (5.8.23), ( 


4 »r.( 5 ) = (? 


^ 15 f ^ 5 ? 

— “1 + 35J ^ 


27 ^2j" .j;_ (^,05 2 (.)_oos 4C.))> 

gfis ® 

b| bg 

C-S- - — ), 

1 4 j. . ^ — c ). 


Since 


7(5) = 


To ♦ r,,, we get 




°1 / 279 ^3 ^ > 9 —. 5 ? 


52 ^ 1:3 


Q + 

■‘- 2-415 


27 ^2% 

zfis ^ 


% 


•z ^ i 4 z 

- ) - 4 - + ' 


“ -fsi ^ fr^ 




(5.8.26) 
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+.1. + r - I'D 0 0) is a solution of f (5 ) - O' 

We clearly notice that 5 q - aO,o> / 

'i 


we take X, = 0 G S,. We tcilce the norm 

and u on H^J)* Consider the sets 

u = { c e 1 ^ ol = 1 ^' 


on 


(5.8.27) 


and 


V = { X G S„ i 


x-x^i I 1 = 1 I IX 


< c, p(x) < r } 


( 5 . 8 . 28 ) 


,bere e , o and r axe defined aubee<iuently. 

let ? e E®. Iben simple calculation yields 




r,(OI II (, 7 ^ 0.23 


| (r^(5))('b)l) + 1 1 ( 1 


< f2 llh^l + llgl + :^ 


6 ; 


. 2_2 




^ ^ j TEhJ+7^h2+ - 26 “ 


1/2 


*— rrr“^/^r” 2 I I 2 I i 2 

< f 2 3l+l+ ll 1 H^ll + i ^ 2 l J 


+ (b® + l>| + § 

c . ((§)"/" t ui 

< 4.74 


(5.8.29) 


Also, we get 
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u (Tj^CO) = '^tTrn.2a ' ^ ^ ® 


S e"[p.®a 


11 I’^sl . !i!i 


< max (■—— * f^ * fSS% 


b 

t% 


II l'’2l 

in l|S6x 


fi+u IM> r 

< max (— (1+1+ ' ‘ fx 

fn 


- I' I 


< 1.76 1? 


(5.8.30) 


t us -ta^e = min i^e » ' 4 ? 74 ) 


> min ( 0 » 56 rj 0 . 21 c). 

, n r^vinnqe r and c such that 
ber we shall choose 

0.21c < 0.56r. 


(5.8.31) 


a W 6 have 


> 0 . 21 c, 


(5.8.32) 


U.S take e = 0.21c. 


(5.8.33) 


.. lae of . from ( 5 . 8 . 29 ), 

vaiare ol e, ^ 

a -, 2 ^ it is clear that the map takes 

8.32), rt 1 derivatives 


3 . 32 ), it is Clear .ua. . i derivatives 

T • 3 - E® has oontiiiaous partia 

ohserwe that ^ . u 


the interior of U . 


Ite t er minat i on of 6 s Prom (5.8.26), we have 
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Jacobian matrix f oh 'l' 


1^11 

i 

Hz 

^13 ) 


'^21 

Hz 

^23 *. 

1 

( 5 . 8 . 33 ) 

\^ 5 l 

Hz 

^33 / 



where 


^11 


4:%f^ 
15 


27 

^12 = TTrW ^2 ^1» 


4:%f^ 


H5 “ ^ 2087ifl3 


83Z^ c? + I- ■bi+ 

^ 2YI^ ^ 21/13 ^ 





3bg ^ 


ag i - 

0, agg - - 

- + -z 

tC[% rS 

» ' ^2 


1 

. . 2 

245 ^ 0 ^ 

24 

^31 ^ 

%{% 

( 31 )^ 


+ TS ' 


0 j 





^ 1 

/ 

96 2 

iM u 


TtflC 

13lf^ ^ 

■ 


■fit 




let A^denote the 


Jacobian matrix for '? at g = (0,0,0)# Ihen 


0 0 


^0= 


.fit 


^TZ 

0 


15 

■fi3 

0 




_4 t 

fS^ I ‘ 


Ijet An denote the inverse of A^- Calculating, we get 


(5.8.34) 
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fit V 




(5.8.35) 


Simple calculation yields that 

, 8 i2-)V2 ^ 2.S3. (5.8.S6) 

norm of l\ = (gig + " + * 225^ 

be def toed as follows I 

let the matrix B( 5 ) for 

^ W at E - Jacobian matrix ±or 

B(c ) = Jacobian matrix for _ 

^ le and lengthy 

, 'of (5.8.33) and (5.8.34), simp 

Then, making ns 

calculation yields that (5.8.3S) 


norm of B(0 < d.3 e' 


for all 5Gh. 

f the follovitog result to obtain &. 

Hfe mate, use 

1 ' '■ ■* .' X and 55 be Banach spaces with norm 

Re^ilt s ^ ^ „ be a continuous 

^ n U respectively. ^ , v n 

"•"x , n <Y With values in Z and 0(0) = 0. 

,^„tion defined f or I bH ^ o- ^ X into the 

T,t K be a linear continuous transform 

e _ _ -t- ^ Cx Riinoose 


° . i.t K be one-to-one. Suppose 

whole of Z, and let be on 

/ \ TT XnM \ 7 

^gCx^) -G(X2)-fo^^l 1 


(5.8.39) 


, ,W M < t , Where 6, is a positive constant. 

for U^lU i ■'o 'b2U S V 
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itlve number suob that if 

M l^e a positive of x and M6, < f- 

1 ItI 1 < Ml 1 2 I 1 ,7. Suppose M lb HI P ^ 

" a{x) hes a solutions with l|xl lx o 

liiGn 'bhe ©quu'bioii z — \ 

v;henever 


Y (1 - M 61 ) 

llzll < P = 


(5.8.40) 


. of the above result we oan refer to IJI. 
por a proof ^ „ (I950) 

lEAifflS; 'Some mapping theorems , 

Pp # 111 — 


we talre X = f = *^0 =^o> ® 


f and Y, 


0.2lc. 


,, H - 2.5S. mean-value theorem, we can 

;nen we get - ouffioient small 

,lso Choose &1 = 4- • get that the 

such that llbf < f. Hence, by 

equation 

’'(0 = w ir(i-»i2 

mtion E with HI < ' '“Henver jvl < P = ' M 
has a. solution g „,,+ ■! nn is continuous. 

.V that the inverse function iS 
can ^so check 

calculating, we get Z-, 

e (1 - M&-1 ) 0.21c _ . 

^ -i- = - 2.53 


M 


> 0.0819C (1 - 0.480690^). 


.(^e take 


0.0819C (1 - 0.48069c ). 


(5.8.41) 


5 r= U ^ 

V, Id be chosen sufficiently small such tha 
je notice that o should be ch (5.8.42) 


n. 48069 c < 1 
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Determination of 


we have Nx == f- * ^ ’ 




IMyl I 1^-- 

Then for x,y S S^, we get 

|Kx - s^yl 1 § 

Therefore, we have 

^ n 

^0 = 2 ^ V 


(1x1^ + lx| jyl + lyl )• 


(5.8.43) 


ii 30 , ^.y sytSo'- 

if,(x)-fi(y)i <1 ' ,,, , 




< I i(x^O(o)-ocO)cx)-y^^to)+y^^tx)) “ 

"(^(i)(o)^^"H^))Cy^"to)-y‘"ti.)) 


< I 




’■(lxO)(o)i + 
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1 


5» §■ (2 sup 


t e 


; (2R)^-4R +(2li)^ ]) 


t; G ^yS:^ 


-.2 

= (3R + 1) max sup 

1=0,1 t G [OyQ 

_2 

liierefore, we have ^. = 3R + 1, 


|x(^^(t) 




Similarly, we get S-g = 3R + 1. 

Since clearly have 


(5.8.44) 

(5.8.45) 


e = e = 0 • 


(5.8.46) 


To apply the theorem 5,l0, first of all, our c should 
satisfy the follov/ing i 


0.21c < 0.56r, 0. 48069c < 1, 


(5.8.4?) 


By remark 5.2, the conditions of theorem 5.10 are equivalent to 
®1 ^ (5.59) X (1.5 R)<1, 0<c<d, 0<r<R, 


+ e = c < (1 - 8.385 R )• d < (1-9^ k ) d, 


_2 


(5.8.48) 


r + e = r < (R - 2.145 R d) < R - d, 

(01 k^ d + e) k^^ + {z\ + a|)V2 k^ d + e) 

-2 _2 _2 _P 

< (8.385 R d) X (1.5 R ) + Y2 (3R + 1) x (2.145 R d) 

< 6 = 0.0819 o (1-0.48069 c^). 
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One possible choice for the quantities c, r, d, R is 

c = 0.1, r = 0.05, d = 0.2, R = 0.1. 

We can easily check that for this choice the above relations 
(5.8.47) and (5,8.48) are satisfied. 

Hence, by remark 5,2 and theorem 5.10, the nonlinear MPBtP 
(5,8,1) has a solution x over the interval 0,2713 • Moreover, 

lx(t)| < 0,1 and |(x)^^^(t)| <0.1, 



APPENDIX 1 


let 1 be the operator defined by (1.1,3). We now show 
that dim N(l) > dim 1 ( 1 '^). 

We recollect the following; 

let G^( J ) be defined by 

^ ( J ) = ^ y^y is a real-valued function*! and y together 
with its derivatives upto order (n- 1 ) are conti- 
nuous on J except with discontinuities of first 
kind at each of the interior points a^,ag,...,a^ ^ 
and y(^^ 8 S}. 

let X G H^(J) and y G G^( J ) . Then integration by parts 
yields that 

/ (yTX-XT*y)dt = B(x) B*(y) + B^(x) B*(y), (1) 

s. 

Here B(x) = column -vector (B^(x), Bg(x), . • .,B^(x) ) where 

B^, .*.,Bj^ are defined by (1,1, 2)5 B*(y) = column -vector 

(B*(y), B|(y),. ..,B*jj_^^^^_j^(y)) where B*, 3 = 1 , 2 , (h+l)n-k 

are a set of (h+l)n-k linearly independent boundary forms 

and each B‘^(y) contains y^^^(a), y^^\a -O), y^^\a +0), 

/ . >. 3 ^ ‘I 

y^^-'(b), q=l, 2 , . , . ,h-.l, i= 0 ,l, . .*,n-l| ' denotes the usual 

scalar product gi-ven by 

m 

f.g = g*f = £ g f 

i=l ^ ^ 

for f=(f^, . ..,f^) and g = (g^, . , . column vectors. 
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cOT^lementary form to B and B% respectf-vely. 
Hence the operator 1* is defined by 

D(L*) ={y e G^(tr); sj(y) = 0 » j=^» 2 ,..,,(iH-l)ru 4 c} , 

I.*y = T*y. 

Obviously, B is of rank k and B^ is of rank (h 4 -l)n-k. 

let the matrix (a ) be defined by 

^ o 1 h^ 


j^OLO “oll‘**“ol(n^l) °^lo“hll \l(np-l)Y 

^“o*“l* • = i “o20 “o21'**“o2(n-l)‘***“h2o“h21’**’'“h2(n-l) I 

\ ] 

r ^ 

\“okO “okl***‘^Ok(n^l)**’* “hko“hkl** ““hkCn-l) / 

( 3 ) 

where a « . , q_— 0 , • • • , h, D”^>2, • i O > • • • > n^l are the 

■*- 

real constants in (1,1,2), 

Ihen we know that rank of (a^:,,,:a^) is k. Moreover, if 
5 = column vector (x,x^^^, , . then by (3) the boundary 

conditions (1,1,2) beccme 


B(x) = (a^) C(a^) + (a^) C (a^)4-. .,+(a^) C (a^^) 


( 4 ) 


Suppose B is a boundary form of rank (h+l)n-k compli- 
o 

mentary to B, then the matrix representation of B is 


®c = ^°^0c* “ic'* “lc*'“*“(lwl)c*^(h,-l)c* °Sac ^ 


where each a. , a. , 


consists of n columns and (h+l)n-k rows. 
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For any x G DCL), we have 

B(,Cx) = (a^) + {(«!„) + (aio))E(ai)+...+(;(jo)5 (a^) 

where S= oolum vector ^ 

let 4' G form an orthonormal basis for N(Ii). 

It will he first proved that the vectors B (i^.) (i=l,...,p) 
are linear independent. Suppose they are not, Ihen for 
some constants c^, ,.,,c^, not all zero, we have 


=iVl= 0 > 

p 

which implies that I B (c . <|». ) = o, Ihat is 

i=l ° ^ ^ 

So (.!, °1 = 0 - 

1— -L 


( 6 ) 


P \ _ n 

However, B ( S c. ’ 

i=l ^ 


(■?) 


since G N(Ii). Ihus, if i = S and the corres- 

P i=l ^ ^ 

ponding vector C is 5 , then, frcar (6) and (7), we have 

(c^q) I (^q) + 5 (a--j^)+* • •+(aj^) f (^) = 0 

and (8) 

Since rank of 

/ “o “1 “h N 

! _ + . ' = ’ 

\“oo “10* “ic’" V/ 





it follows that ^(^q) = 5(a^) = 0. So, from 

1<F= 0 and = 0, we obtain by uniqueness that |(t)=o 

on J • This contradicts the definition of f as a non^ 
trivial combination of if.,..., <J) . Hence c.=c„*.. .=c = o. 

-i. p 1 p 

Ijst be n linearly independent solutions 

of T* y = 0. For i=l,2,...,n, we define 


= 0 on [a»^- 


(9) 


in 

We note that the collection {ip.. > . ^ . ^ form a fundamental 

13 3=0 

system of discontinuous solutions of T*y=0 • lhat is any 
discontinuous solution of T*y = 0 with discontinuities of 
first kind at each of the interior points, can be e 3 q)ressed 
through this system. Moreover, the system {^. .} satisfies all 
all the properties as in the usual fundamental system, let f 
be the corresponding fundamental matrix. 


lhat is 




•'''!( h-1) 


i 


^10 •••^l(h_l) 


'*'20 


^(n-1) 


’*’2(h_l) 




(n-1) 

2(h_l) 



’^no '^n(h-l) 



(iwl) 

no 


’^nfh-l') 






We clearly have 
b 

C -n ^ ^ ^ ^-? 4 )=0 J ^ =1 J /ci , » • • 1=1 5 • ♦ • jll y 

a 

y • ♦ • y h— 1 * 

From the above relation, it easily follows that 

BoCl-ij) + B*(*i 3 ) = 0 (soe (1)). 

(10) 

Since = o, £=l,2,,,,,p, from (lo) we get 

B*(ip^^)=Oj A=lj 2 j , , , jP , i=l j 2 j , , , jH, 3=0 j • • • j ii-1 . 

Since f .g . = g* f for any column vectors f and g, we have 

(B* y) B^^ £ = 0 j =lj 2 j ,, , jp « 

Hence, the system (b\)^ t = q has p linearly independent 
(h+l) 2 wlc-dimensional vectors . . ,,B^(^p as solutions. 

Therefore, 

rank of (B*f) = raeik of (B’^t)* < ( (h+l)n-k)-p . 

Moreover, it is true that rank of (B'^^) = ( (h+l)n-k)-p . 

Also, B*'? is a matrix of order ((h+l)ru.k) hn. 

We also have 

rank of (B^f) + dimension of null space of (B*^) = 

numher of columns of (B^'?) 

Therefore, 

dimensional:' of null space of (B^f ) = nh-( (h+l)n-k)+p 


= p+k-n 
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This implies that there exist p+k-n linearly independent 
solutions of I'^y =0. But, we know that p > p+k-n (sineek< n). 
Let q=p+k-n. Hence, dim H(L) = p > dim ]J(1*),= q. We also 
note that p-q = n-k. This proves our assertion. 



APPENDIX 2 


proof of I^rnma 

Let ^ bounded seq_uence in H^(J). Ihen there 

exists c > 0 such that 
, 0 


II— 1 

fb-a -( 2 sup | 24 ^^(t)j)+ < c (1) 

i=o t e J 

for all m. Hence, for all m we haiTe 


sup [x:^^^(t)j < c /1/b-a, 1=0,1, ••-rn-l (2) 

t e J “ 


and 

we know that, for 1 < p < «>, the space AG^(J) is defined 
as the space of all those functions defined everywhere on 
J for which 


2 

A G 71 


jAf] 

(Ax) 


P 

pll 


remains bounded over all partitions n of J where a is 
the usual difference operator. 


\¥e recollect the following result from functional 


analysis: 
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Statement: 


f e AC^(J) if and only if f^^^G S and 

I f I j 2 where 
AO 

|f|| g=(su.p( Z J^d®))V2 . 

AC 7t a G 7r 


(4) 


Making use of the above result, for all m we- have 


m 

“2 


t^ , t„ G J • 


(5) 


ihen, by (3), we get 

^ °o! fo^allm. 

( 6 ) 

Therefore, from (2) and (6), we have that the sequence 
} is uniformly bounded and equicontinuous on J « 
Hence, by As c oil’s theorem, the sequence { x^^"*^Hhas a 
uniformly convergent subsequence. Moreover, making use of 
(2) and the meanvalue theorem, repeated application of 
Ascoli’s theorem to the subsequences yields that there exist 
a subsequence {x } of {x } and a function x 6 ) 

such that the sequence {xu '^} converges to uniformly to 

( i ^ n— 1 

\ i=0,,..,n-l. We note that x G H ( J ) • Obviously, 

the sequence { x } converges to x in the topology of 

This completes the proof of lemma 2.1, 



APPENDIX 3 


Vfe shall find an e >0 such that where 

Y and are defined hy (2.3,3) and (2.7.5), respectively 

and N is the set corresponding to e defined by (2,7.8). 

We take the operator t defined by (1,1.1), We know 
that r;j_(T) = X G S^. let x G be any arbitrary element. 
From Iheorem 0.1, we have 

ifli-a ( 2 sup lx^^\t)| ) + I 1 < b(| jxj l + j [tx| 1 ) 

i=0 t G J 

( 1 ) 

where b > 0 is a number independent of x. 

On the other hand, since S is finite dimensional and the 
operator 1 is linear, for all x G we have 

t I tx{ 1 < b 1 lx| 1 , (2) 

A 

where b > 0 is seme number independent of x, 

Then, from (1) and (2), we get 

Y^b_a( Z sup |x^^\t)[) + j|x^“’^|[ < b(l+b) {ix|| 
i=0 t G J *“ 

(3) 

for all X G Sq, which readily implies that 

111x111 < t 11x11, m(x) < b 11 x11 ■ C4) 

where b = b(l+b) and b = • 
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We now take e = min (“,§). (5) 

D b 

Corresponding to this e , we consider the set TJ defined 
by (2.7.8). 

Let ce U. Then r^(5) - ~ ^"^o ~ 

< c • Moreover, from (4) and (5), we get 

llhltO-ri(cpm < t |lr^(5)-Vcpil =i> |E-C„1 

< b E <_ c, 

and 

p( r^(c)- r^C^c,)) < ^ ^ ^ 

Thus we found an e > 0 such that • 
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